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Abstract
We show that bi-flat F -manifolds can be interpreted as natural geometrical
structures encoding the almost duality for Frobenius manifolds without met-
ric. Using this framework, we extend Dubrovin’s duality between orbit spaces
of Coxeter groups and Veselov’s ∨-systems, to the orbit spaces of exceptional
well-generated complex reflection groups of rank 2 and 3. On the Veselov’s
∨-systems side, we provide a generalization of the notion of ∨-systems that
gives rise to a dual connection which coincides with a Dunkl-Kohno-type con-
nection associated with such groups. In particular, this allows us to treat on
the same ground several different examples including Coxeter and Shephard
groups. Remarkably, as a byproduct of our results, we prove that in some ex-
amples basic flat invariants are not uniquely defined. As far as we know, such
a phenomenon has never been pointed out before.
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1 Introduction
A complex (pseudo)-reflection is a unitary transformation of Cn of finite period
that leaves invariant a hyperplane. It is characterized by the property that all the
eingevalues of the associated matrix representation are equal to 1, except for one.
The remaining eigenvalue is a k-th primitive root of unity, where k is the period of
the transformation.
A finite subgroup of the group of unitary transformations is a finite complex
reflection groups if it is generated by complex reflections. Irreducible finite com-
plex reflection groups were classified by Shephard and Todd in [44], and consist
in an infinite family depending on 3 positive integers and 34 exceptional cases.
They proved that the ring of invariant polynomials of a complex reflection group
is generated by n algebraically independent invariant polynomials, where n is the
dimension of the complex vector space on which the group acts. Well-generated
irreducible complex reflection groups are irreducible complex reflection groups of
rank n, whose minimal generating set consists of n reflections. In the sequel we
will restrict our attention only to well-generated complex reflection groups, even
if it is not explicitly stated.
In this paper, we consider two affine flat connections naturally associated with
an irreducible well-generated complex reflection group G:
1. The first one is defined by the Saito coordinates, which correspond to a spe-
cial choice of basic invariant polynomials. They were originally introduced
for Coxeter groups in [40, 41] and play a crucial role in the construction of the
Frobenius manifolds associated with Coxeter groups [10] (see also [42] for the
case of singularity theory). The notion of Saito flat coordinates (also called
flat basic invariants) was extended to Shephard groups in [36] (see also [37]).
Recently, the existence of a system of flat basic invariants for well-generated
complex reflection groups has been proved in [20].
2. The second one is a flat torsionless logarithmic connection associated with
the arrangement of hyperplanes H fixed by some elements of G, given by
∇˜ = ∇− 1
N
∑
H∈H
dαH
αH
⊗ κHπH , (1.1)
where ∇ is the standard flat connection on Cn, αH is a linear form defining
the mirror H , H is the collection of the mirrors H , πH denotes the unitary
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projection onto the unitary complement of the hyperplaneH , computed with
respect to a suitable Hermitian metric, the weights κH are suitable complex
numbers and N is a normalizing factor chosen in such a way that∑
H∈H
κHπH = IdCn. (1.2)
The above connection is a particular case of Dunkl-Kohno-type connections
considered in [7] (see also similar structures considered in [5] and [12]). If
the collection {kH}H∈H of complex weights is G-invariant, then the connec-
tion defined in (1.1) is flat (see [26]). In a more general setting, different flat-
ness conditions for this kind of connections were first studied by Kohno (see
[23, 24]). In the case of Coxeter groups, these Dunk-Kohno–type connections
coincide with the flat connection appearing in the theory of ∨-system [45, 46].
In this case Kohno’s flatness conditions are equivalent to Veselov’s definition
of ∨-system [3, 15]. Important examples of these logarithmic connections ap-
pear also in the Physics literature and are called KZ connections [22].
The aim of this paper is to show how the two flat structures above are related.
The main results of the paper are the following.
1. We show that the two affine flat connections described above endow the
space of orbits of well-generated irreducible complex reflection groups with
the structure of a bi-flat F -manifold. The notion of bi-flat F manifold has
been introduced in [2] as a natural generalization of Frobenius manifolds
in the framework of integrable dispersionless PDEs. It was later showed
that tridimensional semisimple bi-flat F are parameterized by solutions of
generic Painleve´ VI equation [28] (see also [2]) and, in the non-semisimple
(regular) case, by solutions of generic Painleve´ IV and Painleve´ V equations,
depending on the Jordan canonical form of the linear endomorphism given
by multiplication by the Euler vector field [4]. We believe that these results
combined with the results of the present paper unveil the relevance of the
notion of bi-flat F -manifold as a meaningful generalization of the notion of
Frobenius manifold.
Due to computational difficulties we focus on the rank 2 and rank 3 cases.
However we believe that our results hold true also for higher rank groups.
2. We prove that for the Shephard groupsG5, G6, G9,G10,G14,G17,G18,G21,G26
the bi-flat F -structure is not uniquely defined but depends on a parameter.
For each of these groups, there is a single value of the parameter that corre-
sponds to the associated Frobenius manifold structure. In other words, the
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Frobenius structure of each of these orbit spaces is naturally embedded in a
one-parameter family of bi-flat F -manifold structures, which can be viewed
as a kind of deformation of the Frobenius structure itself.
3. It is a well-known result that the Frobenius structure of each Shephard group
coincides with the Frobenius structure of the underlying Coxeter group ([9])
as a consequence of Hertling’s theorem [16]. In complete analogy, we prove
that on the orbit spaces of all Shephard groups mentioned above, the bi-flat
F -manifold structure coincide with the bi-flat F -structure of the orbit space
of the underlying Coxeter group. More precisely:
• the one parameter families of bi-flat F -structures on the orbit space of
the groups G5, G10, G18 coincide with the one parameter family of bi-flat
F -structures on the orbit space of B2.
• the one parameter families of bi-flat F -structures on the orbit space of
the groups G6, G9, G17 coincide with the one parameter family of bi-flat
F -structures on the orbit space of I2(6).
• the one parameter family of bi-flat F -structures on the orbit space ofG14
coincides with the one parameter family of bi-flat F -structures on the
orbit space of I2(8).
• the one parameter family of bi-flat F -structures on the orbit space ofG21
coincides with the one parameter family of bi-flat F -structures on the
orbit space of I2(10).
• the one parameter family of bi-flat F -structures on the orbit space ofG26
coincides with the one parameter family of bi-flat F -structures on the
orbit space of B3.
In all these cases, for specific values of the parameter we recover the standard
Frobenius manifold structure on the space of orbits of Coxeter groups. This
fact leads us to introduce the notion of generalized Saito flat coordinates. Re-
markably, there is a standard choice of the bi-flat structure on the orbit space
of well-generated complex reflection groups such that the structure constants
of the dual product and the Christoffel symbols of the dual connection have
the following form:
c∗ijk(p) = −Γ∗ijk(p) =
1
dl − 1
∂2ul
∂pj∂pk
(J−1)il, (1.3)
where {p1 . . . , pn} are standard coordinates on Cn, {u1, . . . , un} are the set of
basic invariant polynomials defining the generalized Saito flat coordinates,
J ij =
∂ui
∂pj
and di are the degrees of the invariant polynomials.
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4. Inspired by Veselov’s ∨-system idea, we prove that in all rank 2 and 3 excep-
tional well-generated complex reflection groups, the dual connection can be
expressed as a connection of Dunkl-Kohno-type built from the reflecting hy-
perplanes. As a byproduct, our construction provides also a generalization of
∨-systems to the case of complex roots in Cn and to the case ofHermitian met-
rics. Indeed, while in the case of ∨-systems one uses a non-degenerate sym-
metric bilinear form (either in Rn or in Cn, see [15]), in our case, to identify
the relevant connection as a connection of Dunkl-Kohno-type, one is forced
to use a non-degenerate sesquilinear form (in all cases we considered it is just
the standard Hermitian form on Cn, except in the case of G27). Remarkably,
in all the examples the dual product has the form
X ∗ Yp = 1
N
(
n∑
s=1
κs
||αs||2
αs(X)αs(Y ) ˇ¯αs
αs(p)
)
(1.4)
where κs is the order of the corresponding (pseudo)-reflection, X and Y are
arbitrary vector fields, αs are the covectors defining the hyperplanes and ˇ¯αs
are vectors obtained from αs using a suitable Hermitian metric. Combining
the above formula with the formula (1.3) we obtain the following system of
PDEs for the standard generalized Saito flat coordinates:
∂2ui
∂pj∂pk
= (di − 1)c∗sjk
∂ui
∂ps
, (1.5)
where the dual product is given by the formula (1.4). In other words each
Saito flat coordinate ui is also a flat coordinate of the flat connection∇(0)+(di−1)∗.
Using conditions (1.5) one can easily find standard flat basic invariants start-
ing from general basic invariants. A similar formula holds true also in the
non-standard case. As far as we know, many of the explicit formulas ob-
tained in this paper for flat basic invariants have never appeared in literature
before.
As it is often the case in the mathematical literature concerning well-generated
complex reflection groups, our results have been obtained via a case by case anal-
ysis for each group. This is consistent with the fact that very often there does not
seem to exist an overarching strategy to tackle properties of well-generated com-
plex reflection groups (see for instance the comments in [38]).
In our case this is also due to the fact that while we present general statements,
there are always some “misbehaved” groups. For instance, when we prove that
the dual connection can be expressed as a connection of Dunkl-Kohno type using
a sort of generalization of Veselov’s ∨-systems, the Hermitian metric appearing
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in the construction is always the standard one, except for G27 (see Table 3). Simi-
larly, the (generalized) flat Saito coordinates are in some case uniquely determined,
while in other cases they appear in families depending on a parameter. These facts
suggest that it might be unlikely to find general a priori proofs of most of the re-
sults appearing in this work.
The paper is organized as follows. In Section 2, we introduce the notion of
Frobenius structures and their almost dual and we recall the Dubrovin-Saito con-
struction on the space of orbits of Coxeter groups, and Dubrovin’s construction
on the space of orbits of Shephard groups. In Section 3, we introduce Veselov’s
∨-systems focusing our attention on the case of Coxeter groups. In Section 4, we
briefly recall the definition of flat and bi-flat F -manifolds and we show how the
bi-flat structure arises naturally when one tries to extend Dubrovin’s almost dual-
ity to Frobenius manifolds “without metric”. In Section 5 we show how to endow
with a bi-flat F -structure the space of orbits of well-generated complex reflection
groups. In Section 6, we show that for all rank 2 and 3 exceptional well-generated
irreducible complex reflection groups, the standard dual connection coincides with
the Dunkl-Kohno connection obtained choosing as weights kH the orders of the
corresponding (pseudo)-reflections.
In general, in the case of Shephard groups the standard bi-flat F -structure does
not coincide with the structure of Frobenius manifolds introduced by Dubrovin.
In Section 7 we explain how to recover the Dubrovin’s structure considering a
family of deformed Saito flat coordinates (generalized Saito Coordinates). It turns
out that, also in this case, the dual connection is of Dunkl-Kohno type but with a
different choice of the weights. In the final Section 8, we show that semisimple bi-
flat F -manifolds are parametrized in flat coordinates by solutions of generalized
WDVV equations. These equations are the oriented associativity equations [29]
with an additional homogeneity condition. They have been recently introduced
in [19] in the study of Saito structures without metrics [39]. These structures are
completely characterized by a flat meromorphic connection on the bundle π∗TM
on P×M . The result of Section 8 implies that this connection plays the same role
in the theory of semisimple bi-flat F -manifolds as the role played by Dubrovin’s
extended connection in the theory of Frobenius manifolds. It also implies that one
can construct a bi-flat structure on the orbit space of a well-generated complex re-
flection group, starting from any solution of generalized WDVV equations. The
paper ends with three Appendices. In the first one we list all the reflecting hy-
perplanes for all exceptional well-generated complex reflection groups up to G27,
in the second one, using our procedure, we provide (conjectural) Saito flat coordi-
nates for G29, G32 and G33. In the last one we briefly discuss what happens in the
non-well-generated cases.
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2 Frobenius manifolds and their almost dual
Originally introduced by Dubrovin as a geometric framework to study the WDVV
equations of topological field theory, Frobenius manifolds play nowadays an im-
portant role in several areas of mathematics including singularity theory, quantum
cohomology and integrable systems. Let us recall their definition.
Definition 2.1 A Frobenius manifold (M, ◦, η, e, E) is a manifold equipped with an
associative commutative product ◦ on sections of its tangent bundle, two distinguished
vector fields e (unit) and E (Euler vector field) and a flat pseudo-metric η satisfying the
following requirements:
• η is invariant with respect to the product: ηilcljk = ηjlclik, where cijk are the structure
constants for ◦.
• the Levi-Civita connection ∇ associated to η is compatible with the product:
∇kcijl = ∇jcikl.
• e is the unit of the product and it is flat: ∇e = 0.
• Furthermore, the following conditions must hold:
∇∇E = 0, [e, E] = e, LieEcijk = cijk, LieEη = Dη,
whereD is a constant.
The product is called semisimple if there exist a distinguished coordinates sys-
tem such that cijk = δ
i
jδ
i
k.
The existence of the Euler vector field allows one to define a second commuta-
tive associative product on sections of the tangent bundle, called the dual product
and defined as
X ∗ Y := E−1 ◦X ◦ Y, (2.1)
and a second contravariant flat metric g, called the intersection form, and defined
as gij = ηilcjlkE
k.
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Furthermore, the very definition of Frobenius manifold is constructed in such
a way that in flat coordinates {u1, . . . , un} for η, there exists a smooth function
F (u1, . . . , un) such that c
i
jk = η
il ∂3F
∂ul∂uj∂uk
. This function is called Frobenius potential.
In the next Section we will study in details the case of Frobenius manifolds
associated with Coxeter groups.
2.1 Frobenius manifolds and space of orbits of Coxeter groups
One of the main examples of Frobenius manifold is provided by the space of orbits
of Coxeter groups [10]. The realization of Frobenius manifold structure on these
spaces is based on the notion of flat pencil of metrics and relies on the existence of a
distinguished set of basic invariants of the group, called Saito flat coordinates [41].
A flat pencil of contravariant metrics is a one-parameter family of contravariant
metrics gλ = g − λη satisfying the following two properties [11]:
• gλ is flat for any λ,
• the pencil of Christoffel symbols coincides with the Christoffel symbols of
the pencil.
In the case of Frobenius manifolds, it is well known that the inverse ηij of the
invariant (pseudo)-metric ηij and the intersection form g
ij satisfy the above con-
ditions (see [11] for details). They satisfy also two additional properties called
quasi-homogeneity and exactness:
• Quasi-homogeneity implies the existence of a constant c such that LieEη = c η
(here and below LieX denotes the Lie derivative with respect to a vector field
X).
• Exactness means that there exists a vector field (the unit vector field e in the
Frobenius case) such that
Lieeg = η, Lieeη = 0. (2.2)
Since the unit vector field is flat (i.e. ∇e = 0), one can choose flat coordinates
{u1, . . . un} such that e = ∂
∂u1
. In such coordinates one obtains η just shifting
g along the variable u1.
Conversely, given an exact quasi-homogeneous flat pencil of metrics, one can re-
construct a Frobenius manifold. In particular the Frobenius potential F (u1, . . . , un)
is obtained in flat coordinates (u1, ..., un) for η (the Saito flat coordinates) by means
of the following formula [10]
ηilηjm
∂2F
∂ul∂um
=
gij
deg(gij)
(2.3)
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where deg(gij) = E(g
ij)
gij
.
Given a finite Coxeter group, the crucial observation that allowed Dubrovin to
define an exact flat pencil of metrics is that, due to the properties of the degrees
of basic invariant polynomials, the Euclidean metric g, written with respect to a
set of basic invariants, depends linearly on the invariant polynomial of highest de-
gree. This implies that the metrics g and η := Lieeg (where e is the generator of the
shift along the highest invariant polynomial) form an exact flat pencil of metrics.
Moreover, using the homogeneity properties of basic invariant polynomials, one
can easily prove that this pencil of metrics is quasi-homogeneous. Starting from
this pencil one can easily reconstruct the full Forbenius structure using the for-
mula (2.3). In order to illustrate Dubrovin’s construction we consider two simple
examples.
2.1.1 The case of A3
A3 is a finite Coxeter group that can be realized as a real reflection group. Any real
reflection group gives rise to a well-generated complex reflection group. A3 can be
viewed as a well-generated complex reflection group of rank three. Since it also
coincides with the symmetric group on 4 letters Sym(4) (with a suitable represen-
tation) its invariants are constructed starting from C4, considering polynomials in
p0, p1, p2, p3 that are invariants under Sym(4) and then restricting them to the hy-
perplane given by the equation p0+ p1+ p2+ p3 = 0. A general basis for the ring of
invariants, restricted already to the hyperplane p0+ p1+ p2+ p3 = 0 is provided by
the following polynomials of degree 2, 3, 4, where an arbitrary constant c has been
introduced:
u1 = −p21 − p22 − p23 − p1p2 − p1p3 − p2p3,
u2 = p
2
1(p2 + p3) + p
2
2(p1 + p3) + p
2
3(p1 + p2) + 2p1p2p3,
u3 = −p21p2p3 − p1p22p3 − p1p2p23 − cu21.
The Euclidean covariant metric dp20 + dp
2
1 + dp
2
2 + dp
2
3 restricted to the hyperplane
p0 + p1 + p2 + p3 = 0 is expressed via the following matrix (in the coordinates
p1, p2, p3):
g =

 2 1 11 2 1
1 1 2

 ,
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and inverting it, one gets the contravariant metric
g−1 =


3
4
−1
4
−1
4
−1
4
3
4
−1
4
−1
4
−1
4
3
4

 .
Using the tensorial properties of the metric, we can express the metric g in the
coordinates u1, u2, u3 as follows:
g =

 −2u1 −3u2 −4u3−3u2 −4u3 + (1− 4c)u21 (6c+ 12)u1u2
−4u3
(
6c+ 1
2
)
u1u2
3
4
u22 + (16c− 2)u1u3 + (8c2 − 2c)u31

 .
In particular in the Saito flat coordinates, which correspond to the value c = 1
8
, we
obtain
g =

−2u1 −3u2 −4u3−3u2 −4u3 + 12u21 54u1u2
−4u3 54u1u2 34u22 − 18u31

 .
Up to an inessential constant factor the metric η is given by
η = Lieeg =

0 0 10 1 0
1 0 0

 ,
and, solving the equations (2.3) one obtains the following Frobenius potential:
F =
1
8
u23u1 +
1
8
u3u
2
2 −
1
64
u21u
2
2 +
1
3840
u51. (2.4)
2.1.2 The case of H3 (G23)
A second example is the Coxeter group H3. It corresponds to the group G23 of the
Shephard-Todd list. The basic invariants are given by ([33, 18])
U1 = p
2
1 + p
2
2 + p
2
3
U2 = 2(p
6
1 + p
6
2 + p
6
3)− 15(p41p22 + p41p23 + p42p21 + p42p23 + p43p21 + p43p22) + 180p21p22p23
+21
√
5∆
U3 = 5
(
2 (p101 + p
10
2 + p
10
3 )− 45(p81p22 + p81p23 + p82p21 + p82p23 + p83p21 + p83p22)
+42 (p61p
4
2 + p
6
1p
4
3 + p
6
2p
4
1 + p
6
2p
4
3 + p
6
3p
4
1 + p
6
3p
4
2)
+1008 (p61p
2
2p
2
3 + p
6
2p
2
1p
2
3 + p
6
3p
2
1p
2
2)− 1260 (p41p42p23 + p41p43p22 + p42p43p21)
)
+
−33
√
5∆
(
3(p41 + p
4
2 + p
4
3)− 11(p21p22 + p21p23 + p22p23)
)
.
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where∆ = (p21− p22)(p21− p23)(p22 − p23). It turns out that Saito flat coordinates in this
case are provided by the following polynomials:
u1 = U1, u2 = U2 + c1U
3
1 , u3 = U3 + c2U
2
1U2 + c3U
5
1 ,
where c1 = −2, c2 = 337 and c3 = −2091175 .
The Euclidean contravariant metric written in the Saito flat coordinates is given
by
g =

 4u1 12u2 20u312u2 −3528187 u3 − 168u2u21 + 352825 u51 7483 u22u1 − 52365 u2u41
20u3
748
3
u22u1 − 52365 u2u41 −3496903087 u32 + 13987649 u22u31 + 13987625 u91

 ,
and the metric η = Lieeg is given by
η =

 0 0 200 −3528187 0
20 0 0

 .
Solving the equations (2.3) one obtains the Frobenius potential for this case, namely
F =
1
400
u1u
2
3 −
187
70560
u3u
2
2 +
34969
1764000
u22u
5
1 −
34969
4445280
u32u
2
1. (2.5)
2.2 Frobenius manifolds and space of orbits of Shephard groups
A Shephard group is the symmetry group of a regular complex polytope [43]. The
space of orbits of a Shephard group is endowed with the structure of a Frobenius
manifold. The definition of this structure was given in [9]. The crucial observa-
tion in this case is that, due to the results of [35], the inverse of the Hessian of the
basic invariant polynomial of lowest degree defines a flat (pseudo)-metric which
depends linearly on the highest degree polynomial (in a coordinate system given
by basic invariant polynomials). Using this fact, one can use the same arguments
that work in the case of Coxeter groups. In particular, in the case of Coxeter groups,
the lowest degree basic invariant polynomial is the sum of the squares of the co-
ordinates and its Hessian coincides with the standard Euclidean metric. In this
way one recovers the standard construction presented in the examples above. We
present as an example the case of G26, which is a Shephard group.
2.2.1 The case of G26
Starting from the invariant polynomial of lowest degree
u1 = p
6
1 − 10p31p32 − 10p31p33 + p62 − 10p32p33 + p63,
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one can define the covariant (pseudo)-metric given by the Hessian:
∂2u1
∂pi∂pj
=

30p
4
1 − 60p1p32 − 60p1p33 −90p21p22 −90p21p23
−90p21p22 −60p31p2 + 30p42 − 60p2p33 −90p22p23
−90p21p23 −90p22p23 −60p31p3 − 60p32p3 + 30p43

 .
The inverse of this metric in the Saito coordinates (u1, u2, u3)with u2 and u3 defined
as
u2 = (p
3
1 + p
3
2 + p
3
3)(216p
3
1p
3
2p
3
3 + (p
3
1 + p
3
2 + p
3
3)
3)− 1
4
u21,
u3 = (p
3
1 + p
3
2 + p
3
3)
6 − 540p31p32p33(p31 + p32 + p33)3 − 5832p61p62p63 −
3
4
u1u2 +
3
16
u31.
reads
g =


6
5
u1
9
5
u2
12
5
u3
9
5
u2 − 1160u3 + 31280u21 −94u1u2
12
5
u3 −94u1u2 2740u31 + 25925 u22

 .
Notice that g does indeed depend linearly on u3, the highest degree invariant. Then
defining η := Lieeg (where e in this case is the vector field
∂
∂u3
), it is easy to check
that the pencil
g − λη =


6
5
u1
9
5
u2
12
5
u3
9
5
u2 − 1160u3 + 31280u21 −94u1u2
12
5
u3 −94u1u2 2740u31 + 25925 u22.

− λ

 0 0
12
5
0 − 1
160
0
12
5
0 0

 ,
is an exact flat pencil of metrics. From the formula (2.3) one easily obtains the
Frobenius potential
F =
1
96768
u71 +
5
3456
u22u
3
1 +
1
290304
(840u32 + 2240u
2
3)u1 +
5
432
u3u
2
2.
2.2.2 Shephard groups of rank 2 and 3
Applying Dubrovin’s procedure one can easily reconstruct the Frobenius potential
for each Shephard group. Below we present the list of the Frobenius potential for
all Shephard groups of rank 2 and 3, not just for the exceptional ones.
Table 1: Frobenius potential for all Shephard groups of rank 2 and 3.
Type Potential
G4 F =
1
24
u1u
2
2
− i
4608
√
3u4
1
G5 F = − 14u51 + 5288u1u22
G6 F =
1
96
u22u1 − 11935360u71
14
G8 F =
7
288
u22u1 +
7
1536
u41
G9 F =
7
1152
u1u
2
2
+ 1
7680
u7
1
G10 F =
11
1152
u1u
2
2
+ 11
34560
u5
1
G14 F =
5
1152
u1u
2
2 +
45
56
u91
G16 F = − 192880000
√
5u4
1
+ 19
1800
u2
2
u1
G17 F =
19
7200
u2
2
u1 +
19
6048000000
u7
1
G18 F =
29
7200
u1u
2
2 +
29
12
u51
G20 F =
11
1800
u2
2
u1 +
11
5184000
√
5u6
1
G21 F =
11
7200
u1u
2
2
+ 1
933120000
u11
1
G23 F =
1
400
u1u
2
3 − 18770560u3u22 + 349691764000u22u51 − 349694445280u32u21
G25 F =
5
288
u1u
2
3
− 20
3
u3u
2
2
+ 5
2
u2
1
u2
2
+ 1
3072
u5
1
G26 F =
1
96768
u7
1
+ 5
3456
u2
2
u3
1
+ 1
290304
(840u3
2
+ 2240u2
3
)u1 +
5
432
u3u
2
2
G(m, 1, 2) F = 1
24
u1u
2
2 +
1
2880
u51
G(m, 1, 3) F = 1
54
u1u
2
3
+ 1
72
u2
2
u3 +
1
2592
u1u
2
2
(u2
1
+ 3u2) +
1
816480
u7
1
Recall that any Shephard group G admits a presentation of the form [8]
spii = 1
sisjsi · · · = sjsisj · · ·
where si are the generating (pseudo)-reflections and pi are integers ≥ 2. The Cox-
eter group obtained replacing pi with 2 in the above presentation is usually called
the Coxeter group associated with G. Due to the Hertling’s theorem [16], since the
Frobenius manifold structure on the space of orbits of a Shephard group is poly-
nomial, it must be isomorphic to the Frobenius manifold structure on the space
of orbits of a Coxeter group. For each Shephard group G, this Coxeter group is
exactly the Coxeter group associated with G [9]. This means that the above Frobe-
nius potentials coincide up to rescaling of the variables with the potentials of the
the associated Coxeter group. For instance, the Frobenius potentials in the last two
examples (G(m,1,2) and G(m,1,3)) do not depend on m and thus coincide with the
Frobenius potentials associated with the Coxeter groups B2 and B3, respectively.
3 ∨-systems
∨-systems were introduced by A. Veselov in [45] to construct new solutions of
WDVV associativity equations, starting from a special set of covectors. The con-
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ditions defining a ∨-system are precisely the conditions that guarantee that a par-
ticular function constructed from a special set of covectors satisfies the WDVV
equations.
Now we recall the notion of ∨-systems (see [45]). Let V be a finite dimensional
real vector space (the notion has been generalized also to complex vector spaces in
[15]), and denote with V a finite set of non-collinear covectors α ∈ V ∗. We assume
that the the symmetric bilinear form defined by g :=
∑
α∈V α⊗α is non-degenerate.
We will denote by αˇ the vector uniquely defined by: (αˇ, ·) = α(·) where (·, ·) is the
bilinear form defined by g.
Definition 3.1 We say that V is a ∨-system if for each two-dimensional plane Π ⊂ V ∗ we
have ∑
β∈Π∩V
β(αˇ)βˇ = µαˇ, (3.1)
for each α ∈ Π ∩ V and for some µ, which may depend on Π and α.
Let H be the family of hyperplanes associated with the covectors contained in V .
By definition, H ∈ H if and only if ker(α) = H for one of the covectors in V . We
denote by αH a covector associated to H and by πH : V → H⊥ is the linear map
having as kernel H and range H⊥, the orthogonal complement of H in V , where
the orthogonality is defined via g. Due to the results of [3, 15] the definition of
∨-system is equivalent to the requirement that the one parameter family of con-
nections
∇− λ
∑
H∈H
dαH
αH
⊗ πH , (3.2)
(where ∇ is the trivial affine structure defined by the coordinates{p1, ..., pn}) is flat
for any value of the parameter λ.
Given a set of covectors defining a ∨-system the corresponding solution of
WDVV associativity equations is given by the formula:
F (p) :=
1
2
∑
H∈H
(αH(p))
2 logαH(p). (3.3)
One of the main example of ∨-systems is given by Coxeter systems [45]. It was
proved in [9] that Veselov’s solutions of WDVV equations constructed from a Cox-
eter group define the almost dual structure of the Frobenius manifolds defined on
the space of orbits of these groups. Notice that the dual product has the form
∗ =
∑
H∈H
dαH
αH
⊗ πH . (3.4)
Similarly, we will see in Section 6 that for all exceptional well-generated complex
reflection groups of rank 2 and 3 the dual connection (and the dual product) of a
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bi-flat F -manifold constructed on the relevant orbit spaces can be expressed using
a Dunkl-Kohno-type connection. This connection is built using a generalization of
the notion of ∨-system.
3.1 An example: A3
The ∨-system data that give rise to A3 are the following covectors:
α1 = [1,−1, 0], α2 = [1, 0,−1], α3 = [0, 1,−1]
α4 = [2, 1, 1], α5 = [1, 2, 1], α6 = [1, 1, 2],
and the associated projections:
π1 =

 1 −1 0−1 1 0
0 0 0

 , π2 =

 1 0 −10 0 0
−1 0 1

 , π3 =

0 0 00 1 −1
0 −1 1

 ,
π4 =

2 1 10 0 0
0 0 0

 , π5 =

0 0 01 2 1
0 0 0

 , π6 =

0 0 00 0 0
1 1 2

 .
4 Flat and bi-flat F -manifolds
F -manifolds with compatible flat structure (for short flat F -manifolds) have been
introduced byManin as a generalization of Frobenius manifolds. They are a partic-
ular instance of a more general class of manifolds, called F -manifolds, introduced
by Hertling and Manin in [17]. Let us recall their definition.
Definition 4.1 A flat F -manifold (M, ◦,∇, e) is a manifoldM equipped with the follow-
ing data:
1. a commutative associate product ◦ : TM × TM → TM with flat unit e.
2. a flat torsionless affine connection ∇ compatible with the product:
∇kcijl = ∇jcikl,
where cijk are the structure constants of ◦.
In flat coordinates for∇, as a consequence of the axioms defining a flat F -manifold,
we have that the structure constants can be expressed via the second partial deriva-
tives of a vector potential:
cijk = ∂j∂kA
i.
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Furthermore, the vector potential Ai satisfies the following equations, where one
can choose as unit vector field e = ∂1:
∂j∂lA
i∂k∂mA
l = ∂k∂lA
i∂k∂mA
l (4.1)
∂1∂iA
j = δji . (4.2)
They are called oriented associativity equations [29]. Flat F -manifolds share several
properties with Frobeniusmanifolds. Dubrovin’s deformed connections, Dubrovin’s
duality and Dubrovin’s principal hierarchy are well defined also for these mani-
folds (for the last point see [27]). The missing data are the invariant metric η end
the Euler vector field E. A natural generalization of Frobenius manifolds with
Euler vector field can be obtained replacing the flat invariant metric η with a flat
connection ∇ satisfying the usual conditions.
Definition 4.2 A Frobenius manifold without metric (M, ◦,∇, e, E) is a manifold
equipped with an associative commutative product ◦ on sections of its tangent bundle,
two distinguished vector fields e (unit) and E (Euler vector field) and a flat connection ∇
satisfying the following requirements:
• the connection∇ is compatible with the product:
∇kcijl = ∇jcikl.
• e is the unit of the product and it is flat: ∇e = 0.
• Furthermore, the following conditions must hold:
∇∇E = 0, [e, E] = e, LieEcijk = cijk.
4.1 Almost duality and bi-flat F -manifolds
In the semisimple case, Dubrovin’s almost dual structure can be extended to Frobe-
nius manifolds without metric using the following data:
• a dual product ∗ defined in the usual way as X ∗ Y = E−1 ◦ X ◦ Y for any
pair of vector fields X and Y .
• a dual connection ∇(2) satisfying the following properties
1. ∇(2)E = 0.
2. ∇(2) is compatible with ∗.
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3. ∇(1) and∇(2) are almost hydrodynamically equivalent [1]:
(d∇(1) − d∇(2))(X ◦) = 0,
for every vector fieldX , where d∇ denotes the exterior covariant deriva-
tive associated to connection ∇.
Remark 4.3 In the case of Frobenius manifolds the dual connection, in general, does coin-
cide with the Levi-Civita connection of the intersection form. The difference between these
two connections is proportional to the dual product.
Theorem 4.4 The dual connection defined above is uniquely defined in terms of ∇(1).
Moreover the flatness of the dual connection is equivalent to the linearity of the Euler
vector field: ∇(1)∇(1)E = 0.
Proof. From the above definition it follows that, in canonical coordinates for ◦ (the
product compatible with ∇(1)), we have (see [1, 2]):
cijk = δ
i
jδ
i
k, c
∗i
jk =
1
ui
δijδ
i
k,
e =
∑
k
∂k, E =
∑
k
uk∂k,
Γ
(1)i
ij = Γ
(2)i
ij = Γ
i
ij, i 6= j
Moreover (see [2]):
Γ
(1)i
jk := 0, Γ
(2)i
jk := 0, ∀ i 6= j 6= k 6= i,
Γ
(1)i
jj := −Γ(1)iij , Γ(2)ijj := −
ui
uj
Γ
(2)i
ij , i 6= j,
Γ
(1)i
ii := −
∑
l 6=i
Γ
(1)i
li , Γ
(2)i
ii := −
∑
l 6=i
ul
ui
Γ
(2)i
li −
1
ui
.
(4.3)
This proves the first part of the theorem. Let us prove the second part. The condi-
tions expressing zero curvature are given by:
∂jΓ
i
ik + Γ
i
ijΓ
i
ik − ΓiikΓkkj − ΓiijΓjjk = 0, if i 6= k 6= j 6= i, (4.4)
el∂lΓ
i
ik = 0, (4.5)
El∂lΓ
i
ik = −Γiik. (4.6)
The conditions (4.4) and (4.5) provide the flatness of the natural connection and
thus are equivalent to oriented associativity equations (4.1) and (4.2). The flatness
of the dual connection follows from the condition (4.6).
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On the other hand, using the vanishing of the curvature for∇(1), after a straight-
forward computation, we obtain
(∇(1)∇(1)E)ikj = ∂k∂jEi + Γijl∂kEl + Γikm∂jEm − Γmkj∂mEi + El∂lΓikj = 0. (4.7)
In canonical coordinates, the condition (4.7) reads
δikδ
i
j + Γ
i
jk + E
l∂lΓ
i
kj = 0,
and one can easily check that it is equivalent to the condition (4.6).
Bi-flat F -manifolds are Frobenius manifolds without metric endowed with the
almost dual structure introduced above. They have been introduced in [2] moti-
vated by the theory of integrable systems of hydrodynamic type. The definition is
as follows:
Definition 4.5 A bi-flat F -manifold (M,∇(1),∇(2), ◦, ∗, e, E) is a manifoldM equipped
with a pair of flat connections ∇(1) and ∇(2), a pair of products ◦ and ∗ on sections of the
tangent bundle TM and a pair of vector fields e and E satisfying the following axioms:
• E behaves like a Euler vector field: [e, E] = e, LieEcijk = cijk, where cijk are the
structure constants of ◦.
• the product ◦ is commutative, associative and with unity e. Moreover ∇(1)e = 0.
• The product ∗ is commutative, associative and with unityE. It is defined as: X∗Y =
E−1 ◦X ◦ Y, ∀X, Y vector fields onM . Moreover∇(2)E = 0.
• ∇(1) is compatible with ◦ and ∇(2) is compatible with ∗ in the following sense:
∇(l)X ◦(l) (Y, Z) = ∇(l)Y ◦(l) (X,Z) , l = 1, 2,
for all X, Y, Z are vector fields onM , where ◦(1) = ◦ and ◦(2) = ⋆.
• ∇(1) and ∇(2) are almost hydrodynamically equivalent.
The first connection ∇(1) is often called the natural connection. Frobenius manifolds
are bi-flat F -manifolds equipped with an invariant metric η.
Remark 4.6 The manifoldM in the above definition might be a real or complex manifold.
In the latter case TM is intended as the holomorphic tangent bundle and all the geomet-
ric data are supposed to be holomorphic. In the present paper we will deal with complex
manifolds.
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5 Bi-flat F -structure on the space of orbits of complex
reflection groups
In this Section we present a procedure that allows us to reconstruct (in princi-
ple) the bi-flat F -manifold structure and the vector potential starting from a well-
generated complex reflection group (recall that any finite real reflection group is
automatically well-generated). Let us consider the pair (V,G), where V is a com-
plex vector space of complex dimension n and G is a well-generated complex
reflection group. We identify V with Cn with standard coordinates {p1, . . . , pn}.
We also consider the coordinates given by a set of basic invariant polynomials
{u1, . . . , un} in the ring of invariant polynomials C[V ]G, which can be viewed as
coordinates on the space of orbits Cn/G. Since the algorithm is based on the in-
terplay between the standard coordinates {p1 . . . , pn} on Cn and the coordinates
{u1, . . . , un}, we denote with a superscript tilde the components written in the co-
ordinates {u1, . . . , un}.
Although {p1, . . . , pn} and {u1, . . . , un} are coordinates on different spaces, since
the map φ : Cn → Cn/G is a diffeomorphism on any fundamental domain of the
action of G on Cn and since we are working locally, we will treat {p1, . . . , pn} and
{u1, . . . , un} just as different coordinates systems. Notice also that the choice of
basic invariant polynomials {u1, . . . , un} is not unique in general.
Our construction relies on the hypotheses that the dual connection∇(2) and the
dual product ∗ are related by the formula
∇(2) = ∇(0) + λ∗, (5.1)
where∇(0) is the standard affine flat connection on Cn and λ is a suitable constant.
Taking into account the condition ∇(2)E = 0 and the form of the Euler vector field
E, it is immediate to prove that λ = −1 (see remark 5.4 below).
The hypotheses above were chosen because this is exactly what happens in
many examples of ∨-systems related to Coxeter groups, which constitute our in-
spiringmodel. The fact that with these assumptions one indeed can equip the orbit
space with a bi-flat F -manifold structure is then verified a posteriori.
In this Section we explain how to define the dual connection and the dual prod-
uct under the assumption (5.1). We assume that the flat coordinates for the natural
connection we are looking for are basic invariants for the complex reflection groups
and we call them generalized Saito flat coordinates. Combining this assumption with
the assumption (5.1) we obtain an explicit formula for the Christoffel symbols of
the dual connection and an explicit expression for the structure constants of the
dual product, in terms of flat basic invariants. In practice, to select the generalized
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Saito flat coordinates among basic invariants, we have to impose that the dual con-
nection defined by this formula is flat and that the natural connection associated
to generalized Saito flat coordinates is compatible with the natural product. We
then show that, in all the examples, these two conditions fix uniquely the natural
connection. We will see later in Section 7 that dropping the hypothesis (5.1) the
natural connection and the associated generalized Saito flat coordinates in general
are no longer uniquely determined.
Before explaining the procedure we present the following fundamental Lemma
which provides an important consequence of the fact that ∇(1) and ∇(2) are forced
to be almost hydrodynamically equivalent:
Lemma 5.1 Let ∇(1) and ∇(2) be two almost hydrodynamically equivalent flat connec-
tions associated to the products ◦ and ∗ respectively. Then in flat coordinates for ∇(1), we
have:
Γ˜
(2)k
il c˜
∗l
mj = Γ˜
(2)k
jl c˜
∗l
mi. (5.2)
Proof: By definition of almost hydrodynamical equivalence, we have (d∇(1) −
d∇(2))(X∗) = 0 for every vector fields X (and equivalently with X◦). By straight-
forward computation we get
Γ
(1)k
lj (X∗)li − Γ(1)kli (X∗)lj = Γ(2)klj (X∗)li − Γ(2)kli (X∗)lj.
In flat coordinates for ∇(1) the above condition reduces to (5.2).
We are now able to find a general formula for the dual product and the dual
connection under the assumption (5.1).
Theorem 5.2 In the generalized Saito flat coordinates {u1, . . . , un}, the Christoffel sym-
bols of the dual connection and the Christoffel symbols of the trivial connection on Cn are
related by the formula
Γ˜
(2)i
jk = −
di
di − 1
∂2ui
∂pm∂pn
(J−1)mj (J
−1)nk , (5.3)
where J ij =
∂ui
∂pj
and di = degree(u
i), the degree of the invariant polynomial ui.
Proof: Since ∇(1) and ∇(2) are almost hydrodynamically equivalent, relation
(5.2) holds. Moreover, it is immediate to prove that the Euler vector field E =∑
k p
k ∂
∂pk
expressed in the Saito flat coordinates is given by E˜ =
∑
k dku
k ∂
∂uk
, where
dk are the degrees of the invariant polynomials.
From the condition ∇(2)E = 0, we obtain:
Γ˜
(2)k
jl E˜
l = −dkδkj . (5.4)
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If we multiply equation (5.2) by E˜i on both sides we get
Γ˜
(2)k
il E˜
ic˜∗lmj = Γ˜
(2)k
jl c˜
∗l
miE˜
i.
Taking into account that E is the unity of the dual product, the right hand side
reduces to Γ˜
(2)k
jm , while, due to (5.4), the left hand side reduces to −dkc˜∗kmj .
In this way we get:
Γ˜
(2)k
jm = −dkc˜∗kmj . (5.5)
The Christoffel symbols of the dual connection are also given by the formula
Γ˜
(2)i
jk = −
∂2ui
∂pm∂pn
(J−1)mj (J
−1)nk − c˜∗ijk,
which is simply obtained by (5.1) applying the transformation formula for Christof-
fel symbols passing from the coordinates {p1, . . . , pn} to the coordinates {u1, . . . , un}.
Combining these two relations we get
c˜∗ijk = −
1
1 − di
∂2ui
∂pm∂pn
(J−1)mj (J
−1)nk ,
and from this using (5.5) and the standing hypothesis (5.1), we find the fundamen-
tal formula (5.3).
It is important to observe that the fundamental relation (5.3) holds only in the
generalized Saito flat coordinates: indeed in deriving it we used relation (5.2),
which is true only in a coordinate system given by a distinguished set of basic of
invariant polynomials in which the Christoffel symbols of ∇(1) vanish identically,
i.e. the generalized Saito flat coordinates. This means that (5.3) can be used to de-
fine the dual connection only in this special set of coordinates. On the other hand,
we can use this fact to select the generalized Saito coordinates among other coor-
dinate systems. Indeed, among the basic invariant polynomials we choose those
for which the formula (5.3) defines a flat connection and for which the structure
constants c˜ijk of ◦, defined via
c˜ijk = c˜
∗i
jl c˜
∗l
km(e
−1)m,
are compatible with the natural connection∇(1). In this way, in the Saito flat coordi-
nates, we have that the Christoffel symbols of the natural connection, the Christof-
fel symbols of the dual connection and the structure constants of the dual product
can all be reconstructed directly and unambiguously from the Christoffel symbols
of the trivial connection expressed in such coordinates:
Γ˜
(1)k
ij = 0, Γ˜
(2)k
ij =
di
1− di
∂2ui
∂pm∂pn
(J−1)mj (J
−1)nk , c˜
∗i
jk =
1
di − 1
∂2ui
∂pm∂pn
(J−1)mj (J
−1)nk .
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Coming back to the original coordinates on Cn given by {p1, . . . , pn} we get the
following theorem, whose proof is a straightforward application of tensorial trans-
formations.
Theorem 5.3 In the coordinates {p1, ..., pn} the structure constants of the dual product
and the Christoffel symbols of the dual connection are given by by the formulas
c∗ijk = −Γ(2)ijk =
1
dl − 1
∂2ul
∂pj∂pk
(J−1)il, (5.6)
where J ij =
∂ui
∂pj
.
In practice, to select the Saito flat coordinates it is convenient to impose the flatness
of the dual connection and the compatibility between∇(1) and ◦ in the coordinates
{p1, ..., pn}, where the Christoffel symbols of ∇(2) are given by the simple formula
(5.6). Once the generalized Saito coordinates have been selected, one can easily
reconstruct the full bi-flat F -manifold structure. It turns out that in all the cases we
have investigated the unit of the product ◦ is the vector field e = ∂
∂un
where un is
the highest degree basic invariant polynomial.
Remark 5.4 With this choice, one has [e, E] = dne. In order to obtain [e, E] = e one
should normalize the Euler vector field and the dual product as E → E
dn
and c∗ijk → dnc∗ijk.
Using this normalization the r.h.s of (5.1) must be replaced by − 1
dn
X∗.
Belowwe present the results of the procedure just described for allwell-generated
exceptional complex reflection groups of rank 2 and 3 and for the familiesG(m, 1, 2)
andG(m, 1, 3). In particular, for each case we provide the Saito flat coordinates (the
distinguished basis of the invariant polynomials) and the vector potential for the
product ◦ in the Saito flat coordinates. The other data for the bi-flat F -structure
can be easily reconstructed from these data using the formulas above.
5.1 The case of G4
In this case the ring of invariants is generated by (see [25]):
U1 = p
4
1 + 2i
√
3p21p
2
2 + p
4
2, U2 = p
5
1p2 − p1p52.
Here U1 and U2 coincide with the generalized Saito flat coordinates.
Up to inessential linear terms the vector potential for c˜ijk is given by
A1 = u1u2, A
2 =
1
2
u22 −
1
96
i
√
3u31.
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Lowering the indices with the metric
η =
(
0 1
12
1
12
0
)
we get an exact 1-form whose potential coincides with the Frobenius potential for
G4.
5.2 The case of G5
In this case the ring of invariants is generated by (see [25]):
U1 = p
5
1p2 − p1p52, U2 = (p41 + 2i
√
3p21p
2
2 + p
4
2)
3.
We look for generalized Saito flat coordinates of the form u1 = U1, u2 = U2 + cU
2
1 .
Under the assumption of the general algorithm we presented, we have that c is
fixed by the compatibility of the product ◦ with the natural connection ∇(1) (in the
coordinates p), and it is given by c1 = −6i
√
3. Up to inessential linear terms the
vector potential for ◦ in the generalized Saito flat coordinates is given by
A1 = u21, A
2 =
1
2
u22 −
141
4
u41.
It is easy to check that the above vector potential does not come from a Frobenius
potential.
5.3 The case of G6
G6 is a well-generated complex reflection group of rank two. Its ring of invariants
is generated by (see [25]):
U1 = p
4
1 + 2i
√
3p21p
2
2 + p
4
2, U2 = p
10
1 p
2
2 − 2p61p62 + p21p102 .
We look for generalized Saito flat coordinates of the form u1 = U1, u2 = U2 + cU
3
1 .
The compatibility between the natural connection ∇(1) and ◦ fixes a unique value
of c, namely c = 5
288
i
√
3 and consequently a distinguished set of basic invariants.
From these we get immediately the vector potential Ak, k = 1, 2 for ◦ in the flat
coordinates is given by (up to inessential linear terms):
A1 = u1u2 − 1
576
i
√
3u41, A
2 =
1
2
u22 −
1
6144
u61.
It is easy to check that the above vector potential does not come from a Frobenius
potential.
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5.4 The case of G8
G8 is a well-generated complex reflection group of rank two. Basic invariants are
given by (see [25]):
u1 = p
8
1 + 14p
4
1p
4
2 + p
8
2, u2 = p
12
1 − 33p81p42 − 33p41p82 + p122 .
These are automatically generalized Saito coordinates and there are no arbitrary
constants to be fixed. The compatibility between the natural connection ∇(1) and ◦
is automatically satisfied, as well all the other properties characterizing a bi-flat F
structure. The vector potential Ak, k = 1, 2 for ◦ in the flat coordinates is given by
(up to inessential linear terms)
A1 = u1u2, A
2 =
1
2
u22 +
3
8
u31.
Lowering the indices with the metric:
η =
(
0 1
12
1
12
0
)
we get an exact 1-form, whose potential coincides with the Frobenius potential for
G8.
5.5 The case of G9
G9 is a well-generated complex reflection group of rank two. Basic polynomial
invariants are (see [25]):
U1 = p
8
1 + 14p
4
1p
4
2 + p
8
2, U2 = (p
12
1 − 33p81p42 − 33p41p82 + p122 )2.
We look for Saito flat coordinates of the form u1 = U1, u2 = U2+ cU
3
1 . Imposing the
compatibility of the natural connection ∇(1) with ◦ we obtain a unique value of c,
namely c = −11/16 and consequently a distinguished basis of invariant polynomi-
als (generalized Saito coordinates). In this way we obtain the vector potential for ◦
(up to inessential linear terms) given by:
A1 = u1u2 +
3
32
u41, A
2 =
1
2
u22 +
33
512
u61.
It is easy to check that the above vector potential does not come from a Frobenius
potential.
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5.6 The case of G10
G10 is a well-generated complex reflection group of rank two. Basic polynomial
invariants are given by (see [25]):
U1 = p
12
1 − 33p81p42 − 33p41p82 + p122 , U2 = (p81 + 14p41p42 + p82)3.
We look for generalized Saito flat coordinates of the form u1 = U1, u2 = U2 + cU
2
1 .
The compatibility between the natural connection ∇(1) and ◦ determines a unique
value of c, namely c = − 7
12
and consequently a distinguished basis of invariant
polynomials (Saito coordinates). In this way we obtain the vector potential (up to
inessential linear terms)
A1 = u1u2 +
1
18
u31, A
2 =
1
2
u22 +
35
432
u41.
It is easy to check that the above vector potential does not come from a Frobenius
potential.
5.7 The case of G14
G14 is a well-generated complex reflection group of rank two. Basic polynomial
invariants are provided by (see [25]):
U1 = p
5
1p2 − p1p52, U2 = (p121 − 33p81p42 − 33p41p82 + p122 )2.
We look for generalized Saito flat coordinates of the form u1 = U1, u2 = U2 + cU
4
1 .
The compatibility between the natural connection ∇(1) and ◦ determines a unique
value of c, namely c = 66, and consequently a distinguished set of basic invariant
polynomials. In this way we obtain the vector potential (up to inessential linear
terms)
A1 = −24
5
u51 + u1u2, A
2 =
1
2
u22 + 792u
8
1.
It is easy to check that the above vector potential does not come from a Frobenius
potential.
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5.8 The case of G16
G16 is a well-generated complex reflection group of rank two. Basic polynomial
invariants are given by (see [25]):
u1 = p
20
1 −
38
3
√
5p181 p
2
2 − 19p161 p42 − 152
√
5p141 p
6
2 − 494p121 p82 +
988
3
√
5p101 p
10
2 ++p
20
2 +
−38
3
√
5p182 p
2
1 − 19p162 p41 − 152
√
5p142 p
6
1 − 494p122 p81,
u2 = p
29
1 p2 −
116
45
√
5p271 p
3
2 +
1769
25
p251 p
5
2 +
464
5
√
5p231 p
7
2 ++
2001
5
p211 p
9
2 −
2668
15
√
5p191 p
11
2
+
12673
5
p171 p
13
2 − p292 p1 +
116
45
√
5p272 p
3
1 −
1769
25
p252 p
5
1 −
464
5
√
5p232 p
7
1 −
2001
5
p212 p
9
1
+
2668
15
√
5p192 p
11
1 −
12673
5
p172 p
13
1 .
There are no arbitrary constants in this case, and these invariant polynomials are
automatically generalized Saito coordinates. All the conditions defining a bi-flat F
structure are automatically satisfied. For the vector potential of ◦ we obtain (up to
inessential linear terms)
A1 = u1u2, A
2 =
1
2
u22 −
1
800
√
5u31.
Lowering the indices with the metric:
η =
(
0 19
900
19
900
0
)
we get an exact 1-form whose potential coincides with the Frobenius potential for
G16.
5.9 The case of G17
G17 is a well-generated complex reflection group of rank two. Basic polynomial
invariants are given by (see [25]):
U1 = p
20
1 −
38
3
√
5p181 p
2
2 − 19p161 p42 − 152
√
5p141 p
6
2 − 494p121 p82 +
988
3
√
5p101 p
10
2 + p
20
2
−38
3
√
5p182 p
2
1 − 19p162 p41 − 152
√
5p142 p
6
1 − 494p122 p81,
U2 = (p
29
1 p2 −
116
45
√
5p271 p
3
2 +
1769
25
p251 p
5
2 +
464
5
√
5p231 p
7
2 +
2001
5
p211 p
9
2 −
2668
15
√
5p191 p
11
2
+
12673
5
p171 p
13
2 − p292 p1 +
116
45
√
5p272 p
3
1 −
1769
25
p252 p
5
1 −
464
5
√
5p232 p
7
1 −
2001
5
p212 p
9
1
+
2668
15
√
5p192 p
11
1 −
12673
5
p172 p
13
1 )
2.
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We look for generalized Saito flat coordinates of the form u1 = U1, u2 = U2 + cU
3
1 .
Imposing the compatibility between the natural connection ∇(1) and ◦ we obtain
a unique value of c, namely c = 29
12000
√
5 and consequently a distinguished basis
of invariant polynomials (Saito coordinates). All the other conditions defining a
bi-flat F structure are satisfied. In this way we obtain the vector potential for ◦ (up
to inessential linear terms)
A1 = u1u2 − 3
8000
√
5u41, A
2 =
1
2
u22 +
319
96000000
u61.
It is easy to check that the above vector potential does not come from a Frobenius
potential.
5.10 The case of G18
G18 is a well-generated complex reflection group of rank two. Basic polynomial
invariants are given by (see [25]):
U1 = p
29
1 p2 −
116
45
√
5p271 p
3
2 +
1769
25
p251 p
5
2 +
464
5
√
5p231 p
7
2 ++
2001
5
p211 p
9
2 −
2668
15
√
5p191 p
11
2
+
12673
5
p171 p
13
2 − p292 p1 +
116
45
√
5p272 p
3
1 −
1769
25
p252 p
5
1 −
464
5
√
5p232 p
7
1 −
2001
5
p212 p
9
1
+
2668
15
√
5p192 p
11
1 −
12673
5
p172 p
13
1 ,
U2 = (p
20
1 −
38
3
√
5p181 p
2
2 − 19p161 p42 − 152
√
5p141 p
6
2 − 494p121 p82 +
988
3
√
5p101 p
10
2 + p
20
2 +
−38
3
√
5p182 p
2
1 − 19p162 p41 − 152
√
5p142 p
6
1 − 494p122 p81)3.
We look for generalized Saito flat coordinates of the form u1 = U1, u2 = U2 + cU
2
1 .
Imposing the compatibility of the natural connection ∇(1) with ◦, we obtain a
unique value of c, namely c = 38
√
5 and consequently a distinguished basis of
invariant polynomials (Saito coordinates). In this way we obtain the vector poten-
tial for ◦ (up to inessential linear terms)
A1 = −16
3
√
5u31 + u1u2, A
2 =
1
2
u22 +
4180
3
u41.
It is easy to check that the above vector potential does not come from a Frobenius
potential.
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5.11 The case of G20
G20 is a well-generated complex reflection group of rank two. Basic polynomial
invariants are given by (see [25]):
u1 = p
12
1 +
22
5
√
5p101 p
2
2 − 33p81p42 −
44
5
√
5p61p
6
2 − 33p41p82 +
22
5
√
5p21p
10
2 + p
12
2 ,
u2 = p
29
1 p2 −
116
45
√
5p271 p
3
2 +
1769
25
p251 p
5
2 +
464
5
√
5p231 p
7
2 +
2001
5
p211 p
9
2 −
2668
15
√
5p191 p
11
2
+
12673
5
p171 p
13
2 − p292 p1 +
116
45
√
5p272 p
3
1 −
1769
25
p252 p
5
1 −
464
5
√
5p232 p
7
1 −
2001
5
p212 p
9
1
+
2668
15
√
5p192 p
11
1 −
12673
5
p172 p
13
1 .
In this case, the general base does not depend on arbitrary constants, and all the
conditions defining a bi-flat F -structure are automatically satisfied. The computa-
tion of the vector potential for ◦ gives (up to inessential linear terms):
A1 = u1u2, A
2 =
1
2
u22 +
1
960
√
5u51.
Lowering the indices with the metric:
η =
(
0 11
900
11
900
0
)
we get an exact 1-form whose potential coincides with the Frobenius potential for
G20.
5.12 The case of G21
G21 is a well-generated complex reflection group of rank two. Basic polynomial
invariants are given by (see [25]):
U1 = p
12
1 +
22
5
√
5p101 p
2
2 − 33p81p42 −
44
5
√
5p61p
6
2 − 33p41p82 +
22
5
√
5p21p
10
2 + p
12
2 ,
U2 = (p
29
1 p2 −
116
45
√
5p271 p
3
2 +
1769
25
p251 p
5
2 +
464
5
√
5p231 p
7
2 +
2001
5
p211 p
9
2 −
2668
15
√
5p191 p
11
2
+
12673
5
p171 p
13
2 − p292 p1 +
116
45
√
5p272 p
3
1 −
1769
25
p252 p
5
1 −
464
5
√
5p232 p
7
1 −
2001
5
p212 p
9
1
+
2668
15
√
5p192 p
11
1 −
12673
5
p172 p
13
1 )
2.
We look for generalized Saito flat coordinates of the form u1 = U1, u2 = U2 + cU
5
1 .
The compatibility of the natural connection ∇(1) with the product ◦ determines a
unique value of c, namely c = − 29
14400
√
5 and consequently a distinguished basis
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of invariant polynomials (Saito coordinates). All the other conditions defining a
bi-flat F structure are automatically satisfied.
Computing the vector potential for ◦, we obtain (up to inessential linear terms)
A1 = u1u2 +
1
8640
√
5u61, A
2 =
1
2
u22 +
551
149299200
u101 .
It is easy to check that the above vector potential does not come from a Frobenius
potential.
5.13 The case of G24
The complex reflection groupG24 is a rank three well-generated complex reflection
group. Basic invariants are given by the following homogeneous polynomials of
degree 4, 6, 14 (see for instance Section 6 of [21] or [13]):
U1 = p
3
1p2 + p1p
3
3 + p
3
2p3,
U2 = p
5
1p3 + p1p
5
2 + p2p
5
3 − 5p21p22p23,
U3 = p
14
1 + p
14
2 + p
14
3 + 18p
7
1p
7
2 + 18p
7
1p
7
3 + 18p
7
2p
7
3
−126p61p32p53 − 126p51p62p33 − 126p31p52p63 + 375p81p42p23 + 375p41p22p83 + 375p21p82p43
−250p91p2p43 − 250p41p92p3 − 250p1p42p93 − 34p111 p22p3 − 34p21p2p113 − 34p1p112 p23.
Notice that U2 is equal (up to a constant factor) to the determinant of the Hessian
of U1, while U3 is constructed using a differential determinant involving U1 and U2
(see formula (1.14) in [13]). We look for generalized Saito flat coordinates of the
form
u1 = U1, u2 = U2, u3 = U3 + cU
2
1U2.
Imposing the flatness of the dual connection (in the original coordinates of Cn)
Γ
(2)i
jk =
1
1− dl
∂2ul
∂pj∂pk
(J−1)il,
we get c = −34. In the flat coordinates we obtain that the vector potential for ◦ is
given by (up to inessential linear terms)
A1 = −14
3
u31u2 − u1u2 −
14
3
u32,
A2 = −14
5
u51 + 14u
2
1u
2
2 − u2u3,
A3 = −1
2
u23 − 56u71 − 294u41u22 + 196u1u42.
Rescaling the variables v1 = −2− 13u1, v2 = u2, v3 = −2 13 u356 , we obtain the vector po-
tential found in [20] (Section 7.2). It is easy to check that the above vector potential
does not come from a Frobenius potential.
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5.14 The case of G25
Basic invariants are given by the following homogeneous polynomials of degree
6, 9, 12 (see for instance [31]):
U1 = p
6
1 + p
6
2 + p
6
3 − 10p31p32 − 10p31p33 − 10p32p33
U2 = (p
3
1 − p32)(p31 − p33)(p32 − p33)
U3 = (p
3
1 + p
3
2 + p
3
3)((p
3
1 + p
3
2 + p
3
3)
3 + 216p31p
3
2p
3
3).
We look for generalized Saito flat coordinates of the form:
u1 = U1, u2 = U2, u3 = U3 + c1U
2
1 .
Imposing the flatness of the dual connection in the original coordinates of Cn
Γ
(2)i
jk =
1
1− dl
∂2ul
∂pj∂pk
(J−1)il,
we obtain c = −5
8
. In the Saito flat coordinates, the vector potential for ◦ is given
by (up to inessential linear terms)
A1 =
1
8
(3u21 − 8u3)u2, A2 = −
1
2
u23 − 144u1u22 −
3
64
u41, A
3 = −u1u3 + 192u22.
Lowering the indices with the metric:
η =

 0 0 −
5
144
0 40
3
0
− 5
144
0 0


we get an exact 1-form whose potential coincides with the Frobenius potential for
G20.
5.15 The case of G26
The basic invariants are:
U1 = p
6
1 − 10p31p32 − 10p31p33 + p62 − 10p32p33 + p63
U2 = (p
3
1 + p
3
2 + p
3
3)(216p
3
1p
3
2p
3
3 + (p
3
1 + p
3
2 + p
3
3)
3)
U3 = (p
3
1 + p
3
2 + p
3
3)
6 − 540p31p32p33(p31 + p32 + p33)3 − 5832p61p62p63
We look for generalized Saito flat coordinates of the form:
u1 = U1, u2 = U2 + c1U
2
1 , u3 = U3 + c2U1U2 + c3U
3
1 .
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Imposing the flatness of the dual connection in the original coordinates of Cn
Γ
(2)i
jk =
1
1− dl
∂2ul
∂pj∂pk
(J−1)il,
we obtain
c1 = −1
6
, c2 = −1
2
, c3 =
1
9
.
In the Saito flat coordinates the vector potential for ◦ is given by
A1 = u1u3 +
3
4
u22 −
1
4
u21u2 +
1
48
u41,
A2 =
1
4
u1u
2
2 +
1
12
u31u2 + u2u3 −
1
144
u51,
A3 =
1
2
u23 +
1
4
u32 +
1
4
u22u
2
1 −
1
48
u41u2 +
1
216
u61
It is easy to check that this vector potential does not come from a Frobenius po-
tential. In other words we do not recover the Frobenius manifold associated with
the Shephard group G26. We will see later how to obtain this structure modifying
slightly the above procedure.
5.16 The case of G27
G27 is a well-generated complex reflection group. As a basis for its invariants, we
use the invariants of Wiman [47].
U1 = 10p
3
1p
3
2 + 9p3(p
5
1 + p
5
2)− 45p21p22p23 − 135p1p2p43 + 27p63
U2 =
1
20250
det(hessian(U1))
U3 =
1
24300
Bord(U1, U2),
where Bord is a differential determinantal expression involving U1 and U2. Us-
ing the same procedure adopted in the previous cases involving rank three well-
generatred complex reflection groups, we obtain generalized Saito flat coordinates
u1 = U1, u2 = U2 + c1u
2
1, u3 = U3 + c2U
2
2u1 + c3U2u
3
1 + c4u
5
1,
with
c1 = −1
9
, c2 = −17
18
, c3 =
29
27
, c4 = − 43
486
.
The vector potential for ◦ is provided by:
A1 = u1u3 − 5
6
u32 −
5
18
u22u
2
1 +
5
81
u2u
4
1 +
2
2187
u61,
A2 = u2u3 +
25
54
u32u1 −
25
81
u22u
3
1 −
10
729
u2u
5
1 −
100
19683
u71,
A3 =
1
2
u23 −
35
72
u52 +
875
648
u21u
4
2 +
875
6561
u22u
6
1 +
24000
1417176
u81u2 −
350
177147
u101 .
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Rescaling the variables we obtain the vector potential found in [20] (Section 7.3).
It is easy to check that the above vector potential does not come from a Frobenius
potential.
5.17 The case of G(m, 1, 2)
We can choose as basic invariants
U1 = p
m
1 + p
m
2 , U2 = p
2m
1 + p
2m
2 .
Generalized Saito flat coordinates are u1 = U1 and u2 = U2 + cU
2
1 with c = −12 2m−1m
and the vector potential is
A1 = u1u2 +
1
6
m− 2
m
u31,
A2 =
1
2
u22 +
1
12
m− 1
m2
u41.
It is easy to check that the above vector potential does not come from a Frobenius
potential.
5.18 The case of G(m, 1, 3)
We can choose as basic invariants
U1 = p
m
1 + p
m
2 + p
m
3 , U2 = p
2m
1 + p
2m
2 + p
2m
3 , U3 = p
3m
1 + p
3m
2 + p
3m
3 .
Generalized Saito flat coordinates are
u1 = U1, u2 = U2 + c1U
2
1 u3 = U3 + c2U1U2 + c3U
3
1
with
c1 = −1
3
2m− 1
m
, c2 = −1
2
3m− 1
m
, c3 =
2
9
c22
and the vector potential is
A1 = u1u3 +
(
1
2
3m− 1
m
− 5
4
)
u21u2 +
(
1
12
(3m− 1)2
m2
− 31
72
3m− 1
m
+
5
9
)
u41 +
3
8
u22,
A2 = u2u3 +
1
180
m3 − 2m2 −m+ 2
m3
u51 +
1
180
10m3 − 10m2
m3
u31u2 +
+
1
180
45m3 − 45m2
m3
u1u
2
2
A3 =
1
2160
4m3 − 12m2 + 16m− 8
m4
u61 +
1
2160
45m3 − 135m2 + 90m
m4
u41u2 +
+
1
2160
270m3 − 270m2
m4
u21u
2
2 +
1
16
u32
m
+
1
2
u23.
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6 A universal formula for the dual product
It is well-know that in the case of the Frobenius structure associated to any Coxeter
group, the dual product is immediately recovered via Veselov’s ∨-system structure
associated with the roots of the Coxeter group itself. In this Section we show that,
similarly to the Coxeter case, in the case of irreducible well-generated complex
reflection groups of rank 2 and 3 the dual product and the dual connection are
given by a universal formula of Dunkl-Kohno type. This is a generalization of
the ∨-system construction, since the formula (6.1) below is obtained considering
unitary projections onto the unitary complement of the hyperplanes defined by
the covectors αs, computed with respect to a suitable Hermitian metric (in all cases
analyzed it is standard Hermitian metric, except for the case of G27).
In order to obtain this formula, it is necessary to identify the reflecting hyper-
planes in all cases under consideration. This is achieved using the fact that Shep-
hard and Todd proved that the determinant of the Jacobian matrix det ∂u
i
∂pj
factorizes
into the product of linear forms defining the reflecting hyperplanes. The form cor-
responding to a (pseudo)-reflection of order p appears exactly with multiplicity
p − 1 in det ∂ui
∂pj
. Remarkably, for all rank 2 and rank 3 well-generated complex re-
flection groups of the Shephard Todd list the ”weights” κs assigned at each hyper-
plane coincide with the order of the (pseudo)-reflection having as mirror exactly
that hyperplane.
Theorem 6.1 In the cases G4 G5, G6, G8, G9, G10, G14, G16, G17, G18, G20, G21, G23,
G24, G25, G26, G27 the dual product and the dual connection at a point p are expressed by
the following formula (in the coordinates {p1, .., pn}):
c∗ijk(p) = −Γ∗ijk(p) = him
{
1
N
M∑
s=1
κs
||αs||2
(αs)j (αk)p (α¯s)m
αs(p)
}
, (6.1)
where
• αs are constant covectors in Cn;
• him are the components of the inverse of a suitable Hermitian metric. In all the cases
a part from one (G27) h is the standard Hermitian metric;
• N is a normalizing factor chosen in such a way that c∗ijkEk = δij ;
• M is the number of distinct factors of det ∂ui
∂pj
(the number of reflecting hyperplanes);
• κs is the order of the (pseudo)-reflection defined by the hyperplane ker(αs).
The list of values ofM,N, κs and the choice of the Hermitian metric are given below. The
complete list of 1-forms α obtained factorizing det∂u
i
∂pj
is given in the Appendix 1.
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Table 2: Rank two complex reflection groups.
Type Metric M N κs
G4 h =
(
1 0
0 1
)
4 4 2 (s=1..4)
G5 h =
(
1 0
0 1
)
8 8 2 (s=1..8),
G6 h =
(
1 0
0 1
)
10 12 2 (s=1..6), 3 (s=7..10)
G8 h =
(
1 0
0 1
)
6 6 2 (s=1..6).
G9 h =
(
1 0
0 1
)
18 24 2 (s=1..12), 4 (s=13..18)
G10 h =
(
1 0
0 1
)
14 24 3 (s=1..8), 4 (s=9..14)
G14 h =
(
1 0
0 1
)
20 24 2 (s=1..12), 3 (s=13..20)
G16 h =
(
1 0
0 1
)
12 12 2 (s=1..12)
G17 h =
(
1 0
0 1
)
42 60 2 (s=1..30), 5 (s=31..42)
G18 h =
(
1 0
0 1
)
32 60 3 (s=1..20), 5 (s=21..32)
G20 h =
(
1 0
0 1
)
20 20 2 (s=1..20)
G21 h =
(
1 0
0 1
)
50 60 2 (s=1..30) 3 (s=31..50)
Table 3: Rank three complex reflection groups.
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Type Metric n N κs
G24 h =

1 0 00 1 0
0 0 1

 21 42 2 (s=1..21)
G25 h =

1 0 00 1 0
0 0 1

 12 24 2 (s=1..12),
G26 h =

1 0 00 1 0
0 0 1

 21 18 2 (s=1..9), 3 (s=10..21)
G27 h =

1 0 00 1 0
0 0 3

 45 15 2 (s=1..45)
Proof: The proof boils down to check with a direct computation that the fol-
lowing identity holds true in all the cases examined
1
dl − 1
∂2ul
∂pj∂pk
(J−1)il =
1
N
∑
H∈H
dαH
αH
⊗ κHπH . (6.2)
where H is the collection of reflecting hyperplanes, the weights κH coincide with
the order of the corresponding (pesudo)-reflection fixing hyperplane H and πH
is a unitary projection onto a suitable unitary complement of H in Cn. The long
symbolic computations have been performed using the symbolic capabilities of
the program Maple.
6.1 Remarks
1. In all the cases examined except for G27 the Hermitian metric is the standard
one.
2. The proof is based on long symbolic computations. We believe that it is a
general fact that the dual product and the dual connection associated to well-
generated complex groups can be expressed in this way, a fact not limited to
the exceptional cases of rank 2 and 3.
6.2 An analogue of Veselov’s potential
In the case of ∨-systems, there is a natural potential F that allows one to recover
the dual product (see formula (3.3)). In complete analogy, in our case, we have a
similar formula for a vector potential F i.
Proposition 6.2 The structure constants of the dual product c∗ijk in the cases appearing in
Theorem 6.1, can be expressed as
c∗ijk(p) =
∂F i(p)
∂pj∂pk
,
where the dual potential is given by the formula
F i(p) =
1
N
∑
H∈H
κH
||αH ||2 αH(p) ln(αH(p))
ˇ¯αiH . (6.3)
The weights κH coincide with the order of the (pesudo)-reflection fixing hyperplaneH and
ˇ¯αiH is the i-component of the vector obtained from αH via the Hermitian metric.
Proof: This is a straightforward computation.
6.3 Generalized Saito flat coordinates: the standard case
We have seen that, in all the examples, the dual product is given by the formula
(6.1). Given the dual product, the fundamental formula (5.6) allows one to uniquely
reconstruct the flat basic invariants. Indeed, the freedom in the choice of these in-
variants disappears if one requires that
∂2ui
∂pj∂pk
= (di − 1)c∗sjk
∂ui
∂ps
. (6.4)
This means that ui must be a flat coordinate of the flat connection ∇(0) + (di − 1)∗.
We will call basic invariants satisfying condition (6.4) the standard generalized Saito
flat coordinates. Non standard bi-flat structures and related flat coordinates will be
constructed in the next Section.
Remark 6.3 It was observed in [14] that the condition (6.4) is satisfied by standard Saito
polynomials.
7 Bi-flat F -manifold structure on the space of orbits of
groups revisited
If we look back at the results of Section 5, we observe that in the case of Shep-
hard groups, the standard bi-flat F -structure does not coincide, in general, with
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the Dubrovin’s structure. In this Section we show that the bi-flat structure asso-
ciated with a complex reflection group in general is not unique. In particular, we
prove that in all the examples of Shephard groups where the standard structure
does coincide with the Frobenius manifold structure, there is an underlying one-
parameter family including both of them for special values of the parameter. As a
consequence, we have a one parameter family of generalized Saito flat coordinates.
7.1 The case of G26
We treat in details the case of G26 and we provide the main steps for the remaining
groups. All the results of this part have been obtainedwith the help of the symbolic
package Maple.
In this case our starting point is the dual product obtained in the Section 6
c∗ilp(u) =
2
18
9∑
s=1
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
+
3
18
21∑
s=10
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
.
The Christoffel symbols of the natural connection are given by:
Γ˜
(1)i
jk =
∂2um
∂pj∂pk
(J−1)im,
where (u1, u2, u3) are easily obtained from the basic invariants (U1, U2, U3) of Sec-
tion 5:
u1 = U1, u2 = U2 + c1U
2
1 , u3 = U3 + c2U1U2 + c3U
3
1 . (7.1)
By construction (u1, u2, u3) are flat coordinates of the flat connection ∇(1).
The product ◦ can be also be defined from the dual product ⋆, specifically its
structure constants are given by:
c˜ijk = c˜
∗i
jl c˜
∗l
km(e
−1)m,
where e−1 is the inverse of the unit of ◦, where the inverse is computedwith respect
to ⋆.
The compatibility of ◦ with the natural connection ∇(1) imposes the following
constraints on the constants ci appearing in the expressions of (u1, u2, u3) as a func-
tion of the basic invariants (U1, U2, U3):
c1 = c1, c2 = 3c1, c3 =
1
2
c1(2c1 − 1).
Once these constraints are imposed to (7.1), we effectively obtain a one-parameter
family (depending on c1) of Saito flat coordinates. In particular, it is straightfor-
ward to check that the product ◦ in the generalized Saito flat coordinates is given
39
by c˜ijk =
∂2Ai
∂uj∂uk
where
A1 =
1
8
(12c21 + 7c1 + 1)u
4
1 +
1
8
(−24c1 − 6)u2u21 + u3u1 +
3
4
u22,
A2 =
1
20
(12c31 + 15c
2
1 + 3c1)u
5
1 −
1
2
u2u
3
1c1 −
3
2
c1u
2
2u1 + u3u2,
A3 =
1
2
u23 +
1
80
(−96c41 − 96c31 − 36c21 − 6c1)u61 +
9
2
(c1 +
1
2
)c1(c1 +
1
4
)u2u
4
1 +
−9
2
(c1 +
1
2
)c1u
2
2u
2
1 +
3
4
u32c1 +
3
8
u32.
In other words, we have equipped the orbit space ofG26 with a one parameter fam-
ily of bi-flat F -structures. Among them there is only one that admits an invariant
metric given by (up to multiplicative constant):
η =

 0 0
5
18
0 5
12
0
5
18
0 0

 .
This corresponds to special choice c1 = −14 . In this case we have a Frobenius
potential
F =
5
36
u1u
2
3 +
5
24
u3u
2
2 +
5
96
u1u
3
2 +
5
192
u22u
3
1 +
1
5376
u71,
that coincides with the Frobenius potential obtained in Section 2.
In the coordinates {p1, ..., pn}, for generic values of c1, the Christoffel symbols of
the dual connection can be obtained imposing the almost-hydrodynamical equiv-
alence between ∇(1) and ∇(2). This gives rise to the following equation
(Γ
(2)k
il − Γ(1)kil )clmj − (Γ(2)kjl − Γ(1)kjl )clmi,
which we can solve for Γ
(2)i
jk . In this case, the Christoffel symbols of ∇(2) are not
related anymore to the structure constants of the dual product ⋆ by the simple
formula
Γ
(2)i
jk = −c∗ijk.
However, the Christoffel symbols of∇(2) can still be expressed via a Dunkl-Kohno-
type connection associated with a different choice of the weights. We have
Γ
(2)i
jk = −c∗ijk +
(
2
3
c1 +
1
9
)
C ijk,
where
C ilp(u) = 4
9∑
s=1
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
− 3
21∑
s=10
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
.
Let us briefly summarize the remaining cases.
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7.2 The case of G5
The Christoffel symbols of the dual connection are
Γ
(2)i
jk = −c∗ijk +
(
−1
4
+
i
72
√
3c
)
C ijk,
where
C ilp(u) = 3
4∑
s=1
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
− 3
8∑
s=5
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
.
Up to inessential linear terms the vector potential is given by:
A1 = −(4i)
√
3u31 −
2
3
u31c+ u1u2,
A2 = −(4i)
√
3u41c−
1
3
u41c
2 +
1
2
u22.
Finally, for c = −6i√3 one recovers the Frobenius structure listed in Table 1.
7.3 The case of G6
The Christoffel symbols of the dual connection are
Γ
(2)i
jk = −c∗ijk +
(
−8ic
√
3− 5
12
)
C ijk,
where
C ilp(u) = 2
6∑
s=1
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
− 3
10∑
s=7
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
.
Up to inessential linear terms the vector potential is given by:
A1 = u2u1 +
1
144
u41(i
√
3− 72c),
A2 =
1
2
u22 +
1
120
u61c(i
√
3− 36c).
Finally, for c = 1
72
i
√
3 one recovers the Frobenius structure listed in Table 1.
7.4 The case of G9
The Christoffel symbols of the dual connection are
Γ
(2)i
jk = −c∗ijk +
(
−4
3
c− 11
12
)
C ijk,
41
where
C ilp(u) =
12∑
s=1
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
− 2
18∑
s=13
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
.
Up to inessential linear terms the vector potential is given by:
A1 =
1
4
(−2c− 1)u41 + u2u1,
A2 =
1
10
(−3c− 3)u61 +
1
2
u22.
Finally, for c = −1
2
one recovers the Frobenius structure listed in Table 1.
7.5 The case of G10
The Christoffel symbols of the dual connection are
Γ
(2)i
jk = −c∗ijk +
(
−1
2
c− 7
24
)
C ijk,
where
C ilp(u) = 3
8∑
s=1
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
− 4
14∑
s=9
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
.
Up to inessential linear terms the vector potential is given by:
A1 =
1
3
(−2c− 1)u31 + u2u1,
A2 =
1
6
(−2c2 − 2c)u41 +
1
2
u22.
Finally, for c = −1
2
one recovers the Frobenius structure listed in Table 1.
7.6 The case of G14
The Christoffel symbols of the dual connection are
Γ
(2)i
jk = −c∗ijk +
(
1
144
c− 11
24
)
C ijk,
where
C ilp(u) = 2
12∑
s=1
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
− 3
20∑
s=13
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
.
Up to inessential linear terms the vector potential is given by:
A1 =
1
5
(−2c+ 108)u51 + u2u1,
A2 =
1
14
(−4c2 + 432c)u81 +
1
2
u22.
Finally, for c = 54 one recovers the Frobenius structure listed in Table 1.
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7.7 The case of G17
The Christoffel symbols of the dual connection are
Γ
(2)i
jk = −c∗ijk +
(
29
60
− 40
√
5c
)
C ijk,
where
C ilp(u) = 2
30∑
s=1
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
− 5
42∑
s=31
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
.
Up to inessential linear terms the vector potential is given by:
A1 = u1u2 +
1
1200
(
√
5− 600c)u41,
A2 =
1
2
u22 +
1
1000
cu61(
√
5− 300c).
Finally, for c = 1
600
√
5 one recovers the Frobenius structure listed in Table 1.
7.8 The case of G18
The Christoffel symbols of the dual connection are
Γ
(2)i
jk = −c∗ijk +
(
−19
60
+
1
600
√
5c
)
C ijk,
where
C ilp(u) = 3
20∑
s=1
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
− 5
32∑
s=21
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
.
Up to inessential linear terms the vector potential is given by:
A1 = 20u31
√
5− 2
3
u31c+ u1u2,
A2 = 20cu41
√
5− 1
3
c2u41 +
1
2
u22.
Finally, for c = −6i√3 one recovers the Frobenius structure listed in Table 1.
7.9 The case of G21
The Christoffel symbols of the dual connection are
Γ
(2)i
jk = −c∗ijk +
(
− 1
300
(29
√
5 + 14400c)
√
5
)
C ijk,
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where
C ilp(u) = 2
30∑
s=1
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
− 3
50∑
s=31
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
.
Up to inessential linear terms the vector potential is given by:
A1 = − 1
1800
u61(
√
5 + 600c) + u1u2,
A2 = − 1
1080
c(
√
5 + 300c)u101 +
1
2
u22.
Finally, for c = − 1
600
√
5 one recovers the Frobenius structure listed in Table 1.
7.10 The case of G(3, 1, 2)
The dual connection is
Γ
(2)i
jk = −c∗ijk +
(
c+
5
6
)
C ijk,
where
c∗ilp(u) =
1
6
(
3
2∑
s=1
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
+ 2
5∑
s=3
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
)
and
C ilp(u) = 3
2∑
s=1
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
− 2
5∑
s=3
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
.
Up to inessential linear terms the vector potential is
A1 =
1
6
(−3− 4c)u31 + u1u2,
A2 =
1
6
(−2c2 − 3c− 1)u41 +
1
2
u22.
Finally, for c = −3
4
one recovers the Frobenius structure listed in Table 1 with
m = 3.
7.11 The case of G(3, 1, 3)
The flat coordinates are
u1 = p
3
1 + p
3
2 + p
3
3
u2 = p
6
1 + p
6
2 + p
6
3 + c1(p
3
1 + p
3
2 + p
3
3)
2
u3 = p
9
1 + p
9
2 + p
9
3 + c2(p
3
1 + p
3
2 + p
3
3)(p
6
1 + p
6
2 + p
6
3) + c3(p
3
1 + p
3
2 + p
3
3)
3
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with c2 =
3
2
c1 − 12 and c3 := 12c21 − 13c1 + 118 . The dual connection is
Γ
(2)i
jk = −c∗ijk +
(
2c1 +
10
9
)
C ijk,
where
c∗ilp(u) =
1
9
(
3
3∑
s=1
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
+ 2
12∑
s=4
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
)
and
C ilp(u) = 3
3∑
s=1
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
−
12∑
s=4
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
.
Up to inessential linear terms the vector potential is
A1 =
1
24
(18c21 + 19c1 + 5)u
4
1 +
1
24
(−36c1 − 18)u2u21 + u1u3 +
3
8
u22,
A2 =
1
180
(54c31 + 99c
2
1 + 54c1 + 9)u
5
1 +
1
180
(−30c1 − 10)u2u31 +
1
180
(−135c1 − 45)u22u1 + u2u3,
A3 =
1
2
u23 +
1
2160
(−648c41 − 1296c31 − 972c21 − 324c1 − 40)u61 +
+
9
8
(
c1 +
1
3
)(
c1 +
2
3
)
u2
(
c1 +
1
2
)
u41 −
9
8
(
c1 +
1
3
)(
c1 +
2
3
)
u22u
2
1 +
1
2160
(405c1 + 270)u
3
2
Finally, for c1 = −12 one recovers the Frobenius structure listed in Table 1.
Remark 7.1 In all the cases we dealt with in this Section, the dual connection has the
general form
Γ
(2)i
jk = −c∗ijk + λC ijk,
where C ijk are the Christoffel symbol of a Dunkl-Kohno-type connection
∇+ 1
N
∑
H∈H
dαH
αH
⊗ κHπH . (7.2)
where the projectors πH and the weights kH satisfy the condition∑
H∈H
κHπH = 0. (7.3)
This follows from the fact that the dual connection has to satisfy the condition ∇(2)E = 0.
Moreover the collection {kH}H∈H of complex weights define a G-invariant function. It
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would be interesting to prove that in general the dual structure is always defined by the
standard dual product for a suitable choice of the hermtian metric and by a dual connection
of the form above. Indeed this would have as an immediate consequence the existence of
an upper bound for the number of parameters: taking into account the condition (7.3), the
number of parameters should be strictly less than the number of G-orbits inH.
7.12 The bi-flat F -structures of associated Coxeter groups
The Frobenius manifold structure on the space of orbits of Shephard groups coin-
cides with the Frobenius structure on the space of orbits of the associated Coxeter
group. We prove a similar theorem for the bi-flat F -structures of the exceptional
Shephard groups G5, G6, G9, G10, G14, G17, G18, G21, G26. In other words, the
Frobenius structure of each orbit space of these groups sits inside a one-parameter
family of bi-flat F -manifold structures, which depends only on the associated Cox-
eter groups and can be viewed as a natural deformation of the Frobenius structure
itself.
Theorem 7.2 The bi-flat F -structure on the space of orbits of each exceptional Shephard
groups of rank 2 and 3 coincides with the bi-flat F -structure on the space of orbits of the
associated Coxeter group.
Proof: The proof is not trivial only for the groups G5, G6, G9, G10, G14, G17, G18,
G21, G26.
For the groups G5,G10, G18 we have to prove that the vector potential coincides
with the vector potential of B2. The generalized Saito flat coordinates are u1 =
p21 + p
2
2 and u2 = p
4
1 + p
2
4 + c1u
2
1 and in these coordinates we obtain:
A1B2 = −
(
2
3
c1 +
1
2
)
u31 + u1u2,
A2B2 = −
(
1
3
c21 +
1
2
c1 + 1
)
u41 +
1
2
u22.
These coincides with the vector potential of G5, G10, G18 up to rescaling of the
variables.
For the groups G6, G9, G17 we have to prove that the vector potential coincides
with the vector potential of I2(6). In the generalized Saito flat coordinates
u1 = p
2
1 + p
2
2,
u2 = 2p
6
1 − 30p41p22 + 30p21p42 − 2p62 + c1u31
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we obtain
A1I2(6) = −
(
2
3
c1 +
1
2
)
u31 + u1u2,
A2I2(6) = −
(
1
3
c21 +
1
2
c1 + 1
)
u41 +
1
2
u22,
that coincides with the vector potential of G6, G9, G17 up to rescaling of the vari-
ables.
For the group G14 we have to prove that the vector potential coincides with the
vector potential of I2(8). In the generalized Saito flat coordinates
u1 = p
2
1 + p
2
2,
u2 = 2p
8
1 − 56p61p22 + 140p41p42 − 56p21p62 + 2p82 + c1u41,
we get
A1I2(8) = −
2
5
c1u
5
1 + u1u2,
A2I2(8) = −
2
7
u81c
2
1 +
8
7
u81 +
1
2
u22,
that coincides with the vector potential of G14 up to rescaling of the variables.
For the group G21 we have to prove that the vector potential coincides with the
vector potential of I2(10). In the generalized Saito flat coordinates
u1 = p
2
1 + p
2
2,
u2 = 2p
10
1 − 90p81p22 + 420p61p42 − 420p41p62 + 90p21p82 − 2p102 + c1u51,
we obtain
A1I2(10) = −
(
2
3
c1 +
1
2
)
u31 + u1u2,
A2I2(10) = −
(
1
3
c21 +
1
2
c1 + 1
)
u41 +
1
2
u22,
that coincides with the vector potential of G21 up to rescaling of the variables.
For the group G26 we have to prove that the vector potential coincides with the
vector potential of B3. The generalized Saito flat coordinates are
u1 = p
6
1 + p
6
2 + p
6
3,
u2 = p
4
1 + p
4
2 + p
4
3 + c1(p
2
1 + p
2
2 + p
2
3)
2,
u3 = p
6
1 + p
6
2 + p
6
3 + c2(p
2
1 + p
2
2 + p
2
3)(p
4
1 + p
4
2 + p
4
3) + c3(p
2
1 + p
2
2 + p
2
3)
3,
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with c1 =
1
3
+ 2
3
c2 and c3 =
2
9
c22. After some computations we get
A1B3 =
1
72
(24c22 + 62c2 + 40)u
4
1 +
1
72
(−72c2 − 90)u2u21 + u1u3 +
3
8
u22,
A2B3 =
1
90
(8c32 + 34c
2
2 + 46c2 + 20)u
5
1 −
1
9
(c2 + 1)u2u
3
1 +
1
90
(−45c2 − 45)u22u1 + u2u3,
A3B3 =
1
2
u23 +
1
2160
(−128c42 − 640c32 − 1200c22 − 1000c2 − 312)u61 +
1
3
(
c2 +
5
4
)
(c2 + 1) +(
c2 +
3
2
)
u2u
4
1 −
1
2
(c2 + 1)
(
c2 +
3
2
)
u22u
2
1 +
1
2160
(270c2 + 405)u
3
2,
that coincides with the vector potential of G6, G9, G17 up to rescaling of the vari-
ables.
Remark 7.3 The dual connection has the form
Γ
(2)i
jk = −c∗ijk + λC ijk,
where
c∗ilp(u) =
2
N
(
n∑
s=1
1
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
)
and
C ilp(u) =
k∑
s=1
κs
||αs||2
(αs)l (αs)p ( ˇ¯αs)
i
αs(u)
.
In the case of B2 we have N = 4, n = 4, κs = 1 if s = 1, 2, κs = −1 if s = 3, 4 and
λ = 2c1 +
3
2
.
In the case of I2(6) we have N = 6, n = 6, κs = 1 if s = 1, 4, 6, κs = −1 if s = 2, 3, 5 and
λ = −1
3
c1.
In the case of I2(8) we haveN = 8, n = 8, κs = 1 if s = 1, 2, 3, 4, κs = −1 if s = 5, 6, 7, 8
and λ = −3
8
c1.
In the case of I2(10) we have N = 10, n = 10, κs = 1 if s = 1, 7, 8, 9, 10, κs = −1 if
s = 2, 3, 4, 5, 6 and λ = 2
5
c1.
In the case of B3 we haveN = 6, n = 9, κs = 2 if s = 1, 2, 3, κs = −1 if s = 4, 5, 6, 7, 8, 9
and λ = 2c1 +
3
2
.
In all cases the metric is the standard hermitean metric. The list of α is given in the
Appendix 2.
8 Bi-flat F -manifolds and generalized WDVV equa-
tions
In this Sectionwe prove that under amild assumption semisimple bi-flatF -manifold
are described in flat coordinates for the natural connection by solutions of gener-
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alized WDVV equations
∂j∂lA
i∂k∂mA
l = ∂k∂lA
i∂k∂mA
l, (8.1)
∂1∂iA
j = δji , (8.2)
E(Ai) = (1 + wi)A
i, (8.3)
where w1 = 1. This system of equations was obtained recently by Kato, Mano and
Sekiguchi in the study of Saito structures without metrics [20].
Comparing equations (8.1), (8.2), (8.3) with (4.1) and (4.2), we see that we have
only the extra condition (8.3). We want to show that this extra condition is related
to the presence of a second compatible flat structure.
We have seen that bi-flat F -manifolds, in the semisimple case, are equivalent to
Frobenius manifolds without metric. This means that one can replace the condi-
tions involving the dual connection with the condition
∇(1)∇(1)E = 0.
Assuuming e = ∂
∂t1
(this is not restrictive) and E of the form
E =
∑
i
witi
∂
∂ti
, (8.4)
where (t1, ..., tn) are flat coordinates (this is not too restrictive if ∇(1)E is semisim-
ple) and imposing the conditions on the Euler vector field (see Definition 4.5):
[e, E] = e, (LieEc)
i
jk = c
i
jk,
we obtain w1 = 1 and
(LieEc)
i
jk = E
l∂lc
i
jk − (∂lEi)cljk + (∂jEl)cilk + (∂kEl)cijl =
= El∂lc
i
jk − wicijk + wjcijk + wkcijk = cijk.
From this relation we have
E(cijk) = (1 + wi − wj − wk)cijk.
Writing cijk in terms of derivative of the vector potential, we obtain
El∂l∂j∂kA
i = (1 + wi − wj − wk)∂j∂kAi.
It is immediate to check that
∂j∂k(E(A
i)) = wkc
i
jk + wjc
i
jk + E(c
i
jk),
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and substituting in the previous expression we find
∂j∂kE(A
i)) = (1 + wi)∂j∂kA
i,
or
∂j∂k(E(A
i)− (1 + wi)Ai) = 0,
which is exactly equation (8.3) up to affine terms in ti. But since the vector poten-
tial itself is defined up to affine terms in ti we are done.
All the vector potentials obtained in this paper satisfy by construction the gen-
eralized WDVV equations (8.1), (8.2) and (8.3) where in (8.2) one has to replace 1
with n (since the unit vector field is ∂
∂un
) and in (8.3) one has to replace E with the
normalized Euler vector field E
dn
and, as a consequence, wi =
di
dn
. Vector potentials
associated with rank > 2 well-generated exceptional complex reflection groups
have been found in [19] (with the exception of Shephard groups). The results of
the present Section, combined with the results of [20] imply the existence of a bi-
flat structure for any well-generated complex reflection group. In particular, given
the flat structure (∇, ◦, e) in flat coordinates (u1, ..., un) one can immediately ren-
construct the dual structure using the standard formula for the dual product and
the formula (5.5). In the present paper we have adopted a “dual” approach start-
ing from the dual structure that has a universal beautiful form in the coordinates
(p1, ..., pn). This approach leads naturally to discover the presence of parameters in
several examples. As far as we know, the presence of these parameters has never
been observed before. The results of the present Section also prove that the relation
between generalized WDVV equations and the full family of Painleve´ VI equation
(in standard form) obtained in [20] is the counterpart in flat coordinates of the rela-
tion between three dimensional semisimple bi-flat F -manifolds and the full family
of Painleve´ VI equation (in sigma form) obtained in canonical coordinates in [28, 4]
(see also [2]).
9 Appendix 1. Reflecting mirrors
We give the list, case by case, of the covectors αs obtained factorizing det
∂ui
∂pj
.
9.1 The G4 case
We have 4 mirrors defining reflections of order 3:
α1 =
[
−1 − i,
√
3− 1
]
, α2 =
[
1− i,
√
3 + 1
]
,
α3 =
[
−1 + i,
√
3 + 1
]
, α4 =
[
1 + i,
√
3− 1
]
.
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9.2 The G5 case
We have 8 mirrors defining reflections of order 3:
α1 =
[
1,−1
2
√
3 + 1
2
+ 1
2
i− 1
2
i
√
3
]
, α2 =
[
1,
1
2
√
3 +
1
2
− 1
2
i− 1
2
i
√
3
]
,
α3 =
[
1, 1
2
√
3− 1
2
− 1
2
i+ 1
2
i
√
3
]
, α4 =
[
1,−1
2
√
3− 1
2
+
1
2
i+
1
2
i
√
3
]
,
α5 =
[
1, 1
2
√
3 + 1
2
+ 1
2
i+ 1
2
i
√
3
]
, α6 =
[
1,−1
2
√
3 +
1
2
− 1
2
i+
1
2
i
√
3
]
,
α7 =
[
1, 1
2
√
3− 1
2
+ 1
2
i− 1
2
i
√
3
]
, α8 =
[
1,−1
2
√
3− 1
2
− 1
2
i− 1
2
i
√
3
]
.
9.3 The G6 case
We have 6 mirrors defining reflections of order 2:
α1 = [1,−1] , α2 = [1,−i] , α3 = [1, i] , α4 = [1, 1] , α5 = [1, 0] , α6 = [0, 1] ,
and 4 mirrors defining reflections of order 3:
α7 =
[−1− i,√3− 1] , α8 = [−1 + i,√3 + 1] ,
α9 =
[
1 + i,
√
3− 1] , α10 = [1− i,√3 + 1] .
9.4 The G8 case
We have 6 mirrors defining reflections of order 4:
α1 = [1, 1] , α2 = [1,−1] , α3 = [0, 1] , α4 = [1,−i] , α5 = [1, i] , α6 = [1, 0] .
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9.5 The G9 case
We have 12 mirrors defining reflections of order 2:
α1 =
[
1, 1
2
√
2− 1
2
i
√
2
]
, α2 =
[
1,
1
2
√
2 +
1
2
i
√
2
]
,
α3 =
[
1,−1
2
√
2− 1
2
i
√
2
]
, α4 =
[
1,−1
2
√
2 +
1
2
i
√
2
]
,
α5 =
[
1,−√2 + 1] , α6 = [1,√2 + 1] ,
α7 =
[
1, i
√
2 + i
]
, α8 =
[
1,−i
√
2− i
]
,
α9 =
[
1, i
√
2− i] , α10 = [1,−i√2 + i] ,
α11 =
[
1,
√
2− 1] , α12 = [1,−√2− 1] ,
and 6 mirrors defining reflections of order 4:
α13 = [1, 1] , α14 = [0, 1] , α15 = [1,−1] , α16 = [1, i] , α17 = [1,−i] , α18 = [1, 0] .
9.6 The G10 case
We have 8 mirrors defining reflections of order 3:
α1 =
[
1,−1
2
i
√
3− 1
2
√
2 + 2i
√
3− 1
2
]
,
α2 =
[
1,
1
2
i
√
3 +
1
4
√
2 + 2i
√
3− 1
2
− 1
4
i
√
3
√
2 + 2i
√
3
]
,
α3 =
[
1,
1
2
i
√
3− 1
4
√
2 + 2i
√
3− 1
2
+
1
4
i
√
3
√
2 + 2i
√
3
]
,
α4 =
[
1,−1
2
i
√
3 +
1
2
√
2 + 2i
√
3− 1
2
]
,
α5 =
[
1,
1
2
i
√
3 +
1
2
√
2 + 2i
√
3 +
1
2
]
,
α6 =
[
1,−1
2
i
√
3− 1
4
√
2 + 2i
√
3 +
1
2
+
1
4
i
√
3
√
2 + 2i
√
3
]
,
α7 =
[
1,−1
2
i
√
3 +
1
4
√
2 + 2i
√
3 +
1
2
− 1
4
i
√
3
√
2 + 2i
√
3
]
,
α8 =
[
1,
1
2
i
√
3− 1
2
√
2 + 2i
√
3 +
1
2
]
,
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and 6 mirrors defining reflections of order 4:
α9 = [1, 1] , α10 = [1, 0] , α11 = [1,−1] , α12 = [0, 1] ,
α13 =
[
1,−1
4
√
2 + 2i
√
3− 1
4
i
√
3
√
2 + 2i
√
3
]
,
α14 =
[
1,
1
4
√
2 + 2i
√
3 +
1
4
i
√
3
√
2 + 2i
√
3
]
.
9.7 The G14 case
We have 12 mirrors defining reflections of order 2:
α1 =
[
1,−1
2
√
2 + 1
2
i
√
2
]
, α2 =
[
1,−1
2
√
2− 1
2
i
√
2
]
,
α3 =
[
1, 1
2
√
2− 1
2
i
√
2
]
, α4 =
[
1,
1
2
√
2 +
1
2
i
√
2
]
,
α5 =
[
1,
√
2− 1] , α6 = [1,−√2− 1] ,
α7 =
[
1,−i√2 + i] , α8 = [1, i√2− i] ,
α9 =
[
1,−i√2− i] , α10 = [1, i√2 + i] ,
α11 =
[
1,−√2 + 1] , α12 = [1,√2 + 1] ,
and 8 mirrors defining reflections of order 3:
α13 =
[
1,−1
2
+ 1
2
i+ 1
2
√
3− 1
2
i
√
3
]
, α14 =
[
1,−1
2
+
1
2
i− 1
2
√
3 +
1
2
i
√
3
]
,
α15 =
[
1,−1
2
√
3− 1
2
i
√
3− 1
2
− 1
2
i
]
, α16 =
[
1,
1
2
√
3 +
1
2
i
√
3− 1
2
− 1
2
i
]
,
α17 =
[
1, 1
2
√
3 + 1
2
i
√
3 + 1
2
+ 1
2
i
]
, α18 =
[
1,−1
2
√
3− 1
2
i
√
3 +
1
2
+
1
2
i
]
,
α19 =
[
1, 1
2
− 1
2
i+ 1
2
√
3− 1
2
i
√
3
]
, α20 =
[
1,
1
2
− 1
2
i− 1
2
√
3 +
1
2
i
√
3
]
,
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9.8 The G16 case
We have 12 mirrors defining reflections of order 2:
α1 =
[
1,− 1
10
µ− 1
10
σ
]
, α2 =
[
1,−( 1
10
µ+
1
10
σ)3 − ( 1
25
µ+
1
25
σ)
√
5
]
,
α3 =
[
1, (
1
25
µ+
1
25
σ)
√
5 + (
1
10
µ+
1
10
σ)3
]
, α4 =
[
1,
1
10
µ+
1
10
σ
]
,
α5 =
[
1,−(−1
2
i− 1
2
i
√
5 +
1
2
ν)3 − (−i− i
√
5 + ν)
√
5 + 4i+ 4i
√
5− 4ν
]
,
α6 =
[
1, (−1
2
i− 1
2
i
√
5 +
1
2
ν)3 + (−i− i
√
5 + ν)
√
5− 4i− 4i
√
5 + 4ν
]
,
α7 =
[
1,
1
2
i+
1
2
i
√
5− 1
2
ν
]
, α8 =
[
1,−1
2
i− 1
10
i
√
5 +
1
2
ν
]
,
α9 =
[
1,
1
2
√
5− 1
2
− 1
2
λ
]
, α10 =
[
1,
1
2
√
5− 1
2
+
1
2
λ
]
,
α11 =
[
1,−1
2
√
5 +
1
2
− 1
2
λ
]
, α12 =
[
1,−1
2
√
5 +
1
2
+
1
2
λ
]
,
with
ν =
√
−10 − 2
√
5, λ =
√
10− 2
√
5, σ =
√
5ν, µ =
√
5λ.
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9.9 The G17 case
We have 30 mirrors defining reflections of order 2:
α1 =
[
1, 1
2
√
5− 1
2
+ 1
2
i+ 1
2
i
√
5
]
, α2 =
[
1,
1
2
√
5− 1
2
− 1
2
i− 1
2
i
√
5
]
,
α3 =
[
1,−1
2
√
5 + 1
2
+ 3
2
i− 1
2
i
√
5
]
, α4 =
[
1,−1
2
√
5 +
1
2
− 3
2
i+
1
2
i
√
5
]
,
α5 =
[
1, 1
2
√
5− 1
2
+ 3
2
i− 1
2
i
√
5
]
, α6 =
[
1,
1
2
√
5− 1
2
− 3
2
i+
1
2
i
√
5
]
,
α7 = [1,−i] , α8 = [1, i] ,
α9 =
[
1, 1
10
√
5− 1
2
− 1
2
i+ 3
10
i
√
5
]
, α10 =
[
1,
1
10
√
5− 1
2
+
1
2
i− 3
10
i
√
5
]
,
α11 =
[
1,−1
6
√
5 + 1
6
+ 1
6
i+ 1
6
i
√
5
]
, α12 =
[
1,−1
6
√
5 +
1
6
− 1
6
i− 1
6
i
√
5
]
,
α13 =
[
1,−1
2
√
5− 3
2
− 1
2
i− 1
2
i
√
5
]
, α14 =
[
1,−1
2
√
5− 3
2
+
1
2
i+
1
2
i
√
5
]
,
α15 =
[
1,− 3
10
√
5− 1
2
− 1
2
i− 1
10
i
√
5
]
, α16 =
[
1,− 3
10
√
5− 1
2
+
1
2
i+
1
10
i
√
5
]
,
α17 =
[
1, 3
10
√
5 + 1
2
− 1
2
i− 1
10
i
√
5
]
, α18 =
[
1,
3
10
√
5 +
1
2
+
1
2
i+
1
10
i
√
5
]
,
α19 = [0, 1] , α20 = [1,−1] ,
α21 =
[
1, 1
2
√
5 + 3
2
+ 1
2
i+ 1
2
i
√
5
]
, α22 =
[
1,
1
2
√
5 +
3
2
− 1
2
i− 1
2
i
√
5
]
,
α23 =
[
1,− 1
10
√
5 + 1
2
+ 1
2
i− 3
10
i
√
5
]
, α24 =
[
1,− 1
10
√
5 +
1
2
− 1
2
i+
3
10
i
√
5
]
,
α25 = [1, 1] , α26 =
[
1,−1
2
√
5 +
1
2
− 1
2
i− 1
2
i
√
5
]
,
α27 =
[
1,−1
2
√
5 + 1
2
+ 1
2
i+ 1
2
i
√
5
]
, α28 =
[
1,
1
6
√
5− 1
6
− 1
6
i− 1
6
i
√
5
]
,
α29 =
[
1, 1
6
√
5− 1
6
+ 1
6
i+ 1
6
i
√
5
]
, α30 = [1, 0] ,
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and 12 mirrors defining reflections of order 5:
α31 =
[
1,
1
2
√
5− 1
2
− 1
2
σ
]
, α32 =
[
1,
1
2
√
5− 1
2
+
1
2
σ
]
,
α33 =
[
1,−1
2
√
5 +
1
2
+
1
2
σ
]
, α34 =
[
1,−1
2
√
5 +
1
2
− 1
2
σ
]
,
α35 =
[
1,
1
10
µ+
1
10
ν
]
, α36 =
[
1,−( 1
25
µ+
1
25
ν)
√
5− ( 1
10
µ+
1
10
ν)3
]
,
α37 =
[
1,− 1
10
µ− 1
10
ν
]
, α38 =
[
1, (
1
10
µ+
1
10
ν)3 + (
1
25
µ+
1
25
ν)
√
5
]
,
α39 =
[
1,
1
2
i+
1
2
i
√
5− 1
2
λ
]
, α42 =
[
1,−1
2
i− 1
2
i
√
5 +
1
2
λ
]
,
α40 =
[
1, (−1
2
i− 1
2
i
√
5 +
1
2
λ)3 + (−i− i
√
5 + λ)
√
5− 4i− 4i
√
5 + 4λ
]
,
α41 =
[
1,−(−1
2
i− 1
2
i
√
5 +
1
2
λ)3 − (−i− i
√
5 + λ)
√
5 + 4i+ 4i
√
5− 4λ
]
,
with
σ =
√
10− 2
√
5, λ =
√
−10− 2
√
5, µ =
√
5σ, ν =
√
5λ.
9.10 The G18 case
We have 20 mirrors defining reflections of order 3:
α1 =
[
1,− 1
2
√
3 + 1
2
− 1
2
i+ 1
2
i
√
3
]
, α2 =
[
1,
1
2
√
3 +
1
2
− 1
2
i− 1
2
i
√
3
]
,
α3 =
[
1,− 1
2
√
3 + 1
2
+ 1
2
i− 1
2
i
√
3
]
, α4 =
[
1,
1
2
√
3 +
1
2
+
1
2
i+
1
2
i
√
3
]
,
α5 =
[
1, 1
2
√
3− 1
2
− 1
2
i+ 1
2
i
√
3
]
, α6 =
[
1,−1
2
√
3− 1
2
− 1
2
i− 1
2
i
√
3
]
,
α7 =
[
1,− 1
2
√
3− 1
2
+ 1
2
i+ 1
2
i
√
3
]
, α8 =
[
1,
1
2
√
3− 1
2
+
1
2
i− 1
2
i
√
3
]
,
α9 =
[
1, 1
2
√
3 + 1
2
√
5
√
3− 1
2
√
5− 3
2
]
, α10 =
[
1,−1
2
√
3− 1
2
√
5
√
3− 1
2
√
5− 3
2
]
,
α11 =
[
1,− 1
2
i(
√
5
√
3−√3 +√5− 3)] , α12 =
[
1,
1
2
i(
√
5
√
3−
√
3−
√
5 + 3)
]
,
α13 =
[
1, 1
2
i(
√
5
√
3−√3 +√5− 3)] , α14 =
[
1,−1
2
i(
√
5
√
3−
√
3−
√
5 + 3)
]
,
α15 =
[
1, 3
2
− 1
2
√
5
√
3− 1
2
√
3 + 1
2
√
5
]
, α16 =
[
1,
1
2
√
3 +
1
2
√
5
√
3 +
1
2
√
5 +
3
2
]
,
α17 =
[
1,− 1
6
√
5
√
3− 1
6
√
3− 1
6
i
√
3 + 1
6
i
√
3
√
5
]
, α18 =
[
1,−1
6
√
5
√
3− 1
6
√
3 +
1
6
i
√
3− 1
6
i
√
5
√
3
]
,
α19 =
[
1, 1
6
√
5
√
3 + 1
6
√
3 + 1
6
i
√
3− 1
6
i
√
5
√
3
]
, α20 =
[
1,
1
6
√
5
√
3 +
1
6
√
3− 1
6
i
√
3 +
1
6
i
√
3
√
5
]
,
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and 12 hyperplanes defining reflections of order 5:
α21 =
[
1, 1
20
i
√
5µ+ 1
4
iµ+ 1
10
√
5µ
]
, α22 =
[
1,− 1
20
i
√
5µ− 1
4
iµ− 1
10
√
5µ
]
,
α23 =
[
1,− 1
20
i
√
5µ− 1
4
iµ+ 1
10
√
5µ
]
, α24 =
[
1,
1
20
i
√
5µ+
1
4
iµ− 1
10
√
5µ
]
,
α25 =
[
1,− 1
2
√
5 + 1
2
µ+ 1
2
]
, α26 =
[
1,−1
2
√
5− 1
2
µ+
1
2
]
,
α27 =
[
1, 1
2
√
5− 1
2
µ− 1
2
]
, α28 =
[
1,
1
2
√
5 +
1
2
µ− 1
2
]
,
α29 =
[
1,− 1
16
ν(i
√
3 + 1)(µ+ 2)(1 +
√
5)
]
, α30 =
[
1,
1
16
ν(i
√
3 + 1)(µ− 2)(1 +
√
5)
]
,
α31 =
[
1, 1
16
ν(i
√
3 + 1)(µ+ 2)(1 +
√
5)
]
, α32 =
[
1,− 1
16
ν(i
√
5 + 1)(µ− 2)(1 +
√
5)
]
,
with
µ =
√
10− 2
√
5, ν =
√
2 + 2i
√
3.
9.11 The G20 case
We have 20 mirrors defining reflections of order 2:
α1 =
[
1,−i
√
−2
√
5
√
3 + 4
√
3− 3
√
5 + 8
]
, α2 =
[
1, i
√
−2
√
5
√
3 + 4
√
3− 3
√
5 + 8
]
,
α3 =
[
1,−i
√
2
√
5
√
3− 4
√
3− 3
√
5 + 8
]
, α4 =
[
1, i
√
2
√
5
√
3− 4
√
3− 3
√
5 + 8
]
,
α5 =
[
1,
1
2
i
√
3 +
1
2
√
2− 2i
√
3− 1
2
]
, α6 =
[
1,
1
2
i
√
3− 1
2
√
2− 2i
√
3− 1
2
]
,
α7 =
[
1,−1
2
i
√
3 +
1
4
√
2− 2i
√
3− 1
2
+
1
4
i
√
3
√
2− 2i
√
3
]
,
α8 =
[
1,−1
2
i
√
3− 1
4
√
2− 2i
√
3− 1
2
− 1
4
i
√
2− 2i
√
3
√
3
]
,
α9 =
[
1,−1
2
√
5− 3
2
+
1
2
√
5
√
3 +
1
2
√
3
]
, α10 =
[
1,−1
2
√
5− 3
2
− 1
2
√
5
√
3− 1
2
√
3
]
,
α11 =
[
1,−1
3
√
6i+ 3
√
5
]
, α12 =
[
1,
1
3
√
6i+ 3
√
5
]
,
α13 =
[
1,−1
3
√
−6i+ 3
√
5
]
, α14 =
[
1,
1
3
√
−6i+ 3
√
5
]
,
α15 =
[
1,
1
2
i
√
3− 1
4
√
2− 2i
√
3 +
1
2
− 1
4
i
√
2− 2i
√
3
√
3
]
,
α16 =
[
1,−1
2
i
√
3− 1
2
√
2− 2i
√
3 +
1
2
]
, α17 =
[
1,−1
2
i
√
3 +
1
2
√
2− 2i
√
3 +
1
2
]
,
α18 =
[
1,
1
2
i
√
3 +
1
4
√
2− 2i
√
3 +
1
2
+
1
4
i
√
3
√
2− 2i
√
3
]
,
α19 =
[
1,
1
2
√
5 +
3
2
− 1
2
√
5
√
3− 1
2
√
3
]
, α20 =
[
1,
1
2
√
5 +
3
2
+
1
2
√
5
√
3 +
1
2
√
3
]
.
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9.12 The G21 case
We have 30 mirrors defining reflections of order 2:
α1 =
[
1,−1
2
√
5 + 1
2
+ 3
2
i− 1
2
i
√
5
]
, α2 =
[
1,−1
2
√
5 +
1
2
− 3
2
i+
1
2
i
√
5
]
,
α3 = [1, 1] , α4 =
[
1,
1
6
√
5− 1
6
− 1
6
i− 1
6
i
√
5
]
,
α5 =
[
1, 1
6
√
5− 1
6
+ 1
6
i+ 1
6
i
√
5
]
, α6 =
[
1,− 3
10
√
5− 1
2
+
1
2
i+
1
10
i
√
5
]
,
α7 =
[
1,− 3
10
√
5− 1
2
− 1
2
i− 1
10
i
√
5
]
, α8 = [1,−1] ,
α9 = [0, 1] , α10 =
[
1,− 1
10
√
5 +
1
2
+
1
2
i− 3
10
i
√
5
]
,
α11 =
[
1,− 1
10
√
5 + 1
2
− 1
2
i+ 3
10
i
√
5
]
, α12 =
[
1,−1
6
√
5 +
1
6
+
1
6
i+
1
6
i
√
5
]
,
α13 =
[
1,−1
6
√
5 + 1
6
− 1
6
i− 1
6
i
√
5
]
, α14 =
[
1,
3
10
√
5 +
1
2
− 1
2
i− 1
10
i
√
5
]
,
α15 =
[
1, 3
10
√
5 + 1
2
+ 1
2
i+ 1
10
i
√
5
]
, α16 =
[
1,
1
2
√
5− 1
2
− 1
2
i− 1
2
i
√
5
]
,
α17 =
[
1, 1
2
√
5− 1
2
+ 1
2
i+ 1
2
i
√
5
]
, α18 =
[
1,
1
2
√
5 +
3
2
+
1
2
i+
1
2
i
√
5
]
,
α19 =
[
1, 1
2
√
5 + 3
2
− 1
2
i− 1
2
i
√
5
]
, α20 =
[
1,−1
2
√
5− 3
2
− 1
2
i− 1
2
i
√
5
]
,
α21 =
[
1,−1
2
√
5− 3
2
+ 1
2
i+ 1
2
i
√
5
]
, α22 =
[
1,−1
2
√
5 +
1
2
+
1
2
i+
1
2
i
√
5
]
,
α23 =
[
1,−1
2
√
5 + 1
2
− 1
2
i− 1
2
i
√
5
]
, α24 = [1, 0] ,
α25 = [1,−i] , α26 = [1, i] ,
α27 =
[
1, 1
2
√
5− 1
2
+ 3
2
i− 1
2
i
√
5
]
, α28 =
[
1,
1
2
√
5− 1
2
− 3
2
i+
1
2
i
√
5
]
,
α29 =
[
1,−1
2
+ 1
2
i+ 1
10
√
5− 3
10
i
√
5
]
, α30 =
[
1,−1
2
− 1
2
i+
1
10
√
5 +
3
10
i
√
5
]
,
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and 20 mirrors defining reflections of order 3:
α31 =
[
1, 1
2
+ 1
2
i− 1
2
√
6i
]
, α32 =
[
1,
1
2
+
1
2
i+
1
2
√
6i
]
,
α33 =
[
1,− 1
2
i
√
6i+ 1
2
− 1
2
i
]
, α34 =
[
1,
1
2
i
√
6i+
1
2
− 1
2
i
]
,
α35 =
[
1,− 1
2
√
5− 3
2
− 1
2
√
5
√
3− 1
2
√
3
]
, α36 =
[
1,−3
2
− 1
2
√
5 +
1
2
√
5
√
3 +
1
2
√
3
]
,
α37 = [1, σ] , α38 =
[
1,−ν
√
5 + σ3
]
,
α39 =
[
1,−σ3 + ν√5] , α40 =
[
1,−1
6
√
5
√
3− 1
6
√
3− 1
6
i
√
5
√
3 +
1
6
i
√
3
]
,
α41 =
[
1,− 1
2
i
√
6i− 1
2
+ 1
2
i
]
, α42 =
[
1,
1
2
i
√
6i− 1
2
+
1
2
i
]
,
α43 =
[
1,− 1
2
− 1
2
i+ 1
2
√
6i
]
, α44 =
[
1,−1
2
− 1
2
i− 1
2
√
6i
]
,
α45 =
[
1,−µ3 + λ√5 + 24i− 8i√5− 8i√5√3 + 8i√3] , α46 = [1, µ] ,
α47 =
[
1, µ3 − λ√5− 24i+ 8i√5 + 8i√5√3− 8i√3] , α48 =
[
1,
3
2
i− 1
2
i
√
5− 1
2
i
√
5
√
3 +
1
2
i
√
3
]
,
α49 =
[
1, 1
2
√
5 + 3
2
− 1
2
√
5
√
3− 1
2
√
3
]
, α50 =
[
1,
1
2
√
5 +
3
2
+
1
2
√
5
√
3 +
1
2
√
3
]
,
with
µ = −3
2
i+
1
2
i
√
5 +
1
2
i
√
5
√
3− 1
2
i
√
3, ν =
1
9
√
5
√
3 +
1
9
√
3 +
1
9
i
√
5
√
3− 1
9
i
√
3, σ =
3
2
ν, λ = 6µ.
9.13 The G23 case
We have 15 mirrors defining reflections of order 2:
α1 = [1, 0, 0] α2 = [0, 1, 0] α3 = [0, 0, 1]
α4 =
[
−2,
√
5 + 3, −
√
5− 1
]
, α5 =
[
−2,
√
5− 1, −
√
5 + 3
]
, α6 =
[
2,
√
5− 1,
√
5− 3
]
α7 =
[
−2,
√
5− 1,
√
5− 3
]
, α8 =
[
2,
√
5 + 3, −
√
5− 1
]
, α9 =
[
−2,
√
5 + 3,
√
5 + 1
]
α10 =
[
2,
√
5− 1, −
√
5 + 3
]
, α11 =
[
2,
√
5 + 3,
√
5 + 1
]
, α12 =
[
2,
√
5− 1, −
√
5− 1
]
α13 =
[
−2,
√
5− 1, −
√
5− 1
]
, α14 =
[
2,
√
5− 1,
√
5 + 1
]
, α15 =
[
−2,
√
5− 1,
√
5 + 1
]
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9.14 The G24 case
We have 21 mirrors defining reflections of order 2:
α1 =
[
1,−1
9
µ2 − 1
9
µ+
11
9
,
1
9
µ2 +
1
9
µ− 20
9
]
α2 =
[
1,
1
3
µ− 1
3
,−1
3
µ− 2
3
]
α3 =
[
1,
1
9
µ2 − 2
9
µ− 17
9
,−1
9
µ2 +
2
9
µ+
8
9
]
α4 =
[
1,
1
27
νµ2 − 2
27
νµ+
1
6
µ− 8
27
ν +
5
6
,
1
2
+
1
27
νµ2 − 17
27
ν − 2
27
νµ
]
α5 =
[
1,− 1
27
νµ2 − 2
27
νµ+
1
6
µ+
8
27
ν +
5
6
,
1
2
− 1
27
νµ2 +
17
27
ν +
2
27
νµ
]
α6 =
[
1,
1
27
νµ2 − 1
18
µ2 − 5
27
νµ− 1
18
µ+
4
27
ν +
29
18
,−4
9
νµ+
1
9
νµ2 − 1
3
ν +
1
2
]
α7 =
[
1,− 1
27
νµ2 − 1
18
µ2 +
5
27
νµ− 1
18
µ− 4
27
ν +
29
18
,
4
9
νµ− 1
9
νµ2 +
1
3
ν +
1
2
]
α8 =
[
1,
1
27
νµ2 +
1
18
µ2 − 5
27
νµ− 1
9
µ− 5
27
ν +
1
18
,
2
27
νµ− 1
27
νµ2 − 1
27
ν +
1
2
]
α9 =
[
1,− 1
27
νµ2 +
1
18
µ2 +
5
27
νµ− 1
9
µ+
5
27
ν +
1
18
,− 2
27
νµ+
1
27
νµ2 +
1
27
ν +
1
2
]
α10 =
[
1,
2
27
νµ2 +
1
18
µ2 − 7
27
νµ+
1
18
µ− 13
27
ν − 10
9
,− 1
27
νµ2 +
1
18
µ2 +
5
27
µν − 5
18
µ− 4
27
ν − 5
18
]
α11 =
[
1,− 2
27
νµ2 +
1
18
µ2 +
7
27
νµ+
1
18
µ+
13
27
ν − 10
9
,
1
27
νµ2 +
1
18
µ2 − 5
27
µν − 5
18
µ+
4
27
ν − 5
18
]
α12 =
[
1,−1
6
µ− 1
3
+
1
3
ν,
1
27
νµ2 − 1
9
µ2 − 2
27
νµ+
1
18
µ− 8
27
ν +
37
18
]
α13 =
[
1,−1
6
µ− 1
3
− 1
3
ν,− 1
27
νµ2 − 1
9
µ2 +
2
27
νµ+
1
18
µ+
8
27
ν +
37
18
]
α14 =
[
1,− 2
27
νµ2 − 1
18
µ2 +
7
27
νµ+
1
9
µ+
4
27
ν +
4
9
,− 1
27
νµ2 +
1
18
µ2 +
5
27
µν +
2
9
µ+
5
27
ν − 5
18
]
α15 =
[
1,
2
27
νµ2 − 1
18
µ2 − 7
27
νµ+
1
9
µ− 4
27
ν +
4
9
,
1
27
νµ2 +
1
18
µ2 − 5
27
µν +
2
9
µ− 5
27
ν − 5
18
]
α16 =
[
1,
1
18
µ2 +
1
9
νµ+
1
18
µ− 1
9
ν − 10
9
,
1
18
µ2 − 1
9
νµ− 1
9
µ+
4
9
ν − 13
9
]
α17 =
[
1,
1
18
µ2 − 1
9
νµ+
1
18
µ+
1
9
ν − 10
9
,
1
18
µ2 +
1
9
νµ− 1
9
µ− 4
9
ν − 13
9
]
α18 =
[
1,
2
27
νµ2 − 10
27
νµ− 1
6
µ− 1
27
ν − 1
3
,− 1
18
µ2 − 1
18
µ+
1
9
µν − 1
9
ν +
1
9
]
α19 =
[
1,− 2
27
νµ2 +
10
27
νµ− 1
6
µ+
1
27
ν − 1
3
,− 1
18
µ2 − 1
18
µ− 1
9
µν +
1
9
ν +
1
9
]
α20 =
[
1,− 1
18
µ2 − 1
9
νµ+
1
9
µ+
4
9
ν +
4
9
,− 2
27
νµ2 +
10
27
νµ+
1
6
µ+
1
27
ν − 2
2
]
α21 =
[
1,− 1
18
µ2 +
1
9
νµ+
1
9
µ+
4
9
ν − 4
9
,
2
27
νµ2 − 10
27
νµ+
1
6
µ− 1
27
ν − 2
2
]
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where µ is a root of z3 − 21z − 7 = 0 and ν = ±
√
µ2
4
− 2µ− 14.
9.15 The G25 case
We have 12 mirrors defining reflections of order 2:
α1 = [1, 0, 0] , α2 = [0, 1, 0] , α3 = [0, 0, 1] ,
α4 = [1, 1, 1] α5 = [−2, 1 + µ, 1− µ] , α6 = [2,−1 + µ− 1− µ] ,
α7 = [−2,−2, 1 + µ] , α8 = [2, 2,−1 + µ] , α9 = [−2, 1 + µ,−2] ,
α10 = [2,−1 + µ, 2] , α11 = [2,−1 + µ,−1 + µ] , α12 = [−2, 1 + µ, 1 + µ]
where µ = ±i√3.
9.16 The G26 case
We have 9 mirrors defining reflections of order 2:
α1 =
[
0, 1,−1
2
µ+
1
2
]
, α2 =
[
0, 1,
1
2
µ+
1
2
]
, α3 =
[
1, 0,
1
2
µ+
1
2
]
,
α4 =
[
1, 0,−1
2
µ+
1
2
]
, α5 =
[
1,−1
2
µ+
1
2
, 0
]
, α6 =
[
1,
1
2
µ+
1
2
, 0
]
,
α7 = [1,−1, 0] , α8 = [1, 0,−1] , α9 = [0, 1,−1] ,
and 12 hyperplanes defining reflections of order 3:
α10 = [1, 0, 0] , α11 = [0, 1, 0] , α12 = [0, 0, 1] ,
α13 = [1, 1, 1] , α14 =
[
1,
1
2
µ− 1
2
,−1
2
µ− 1
2
]
, α15 =
[
1,−1
2
µ− 1
2
,
1
2
µ− 1
2
]
,
α16 =
[
1,
1
2
µ− 1
2
, 1
]
, α17 =
[
1,−1
2
µ− 1
2
, 1
]
, α18 =
[
1, 1,
1
2
µ− 1
2
]
,
α19 =
[
1, 1,−1
2
µ− 1
2
]
, α20 =
[
1,
1
2
µ− 1
2
,
1
2
µ− 1
2
]
, α21 =
[
1,−1
2
µ− 1
2
,−1
2
µ− 1
2
]
where µ = ±i√3.
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9.17 The G27 case
We have 45 mirrors defining reflections of order 2:
α1 = [1, −1, 0]
α2 =
[−384, µ3 − µ2 − 165µ+ 2 σ − 291, 0]
α3 =
[−384, µ3 − µ2 − 165µ− 2 σ − 291, 0]
α4 =
[−36864, µ3σ − 96µ3 − µ2σ + 96µ2 − 165µ σ + 15840µ− 291 σ + 9504, 0]
α5 =
[
36864, µ3σ + 96µ3 − µ2σ − 96µ2 − 165µ σ − 15840µ− 291 σ − 9504, 0]
α6 = [36864, 36864,
µ3σ − 288µ3 − 9µ2σ + 288µ2 − 117µ σ + 47520µ+ 405 σ + 28512]
α7 = [−36864, −36864,
µ3σ + 288µ3 − 9µ2σ − 288µ2 − 117µ σ − 47520µ+ 405 σ − 28512]
α8 =
[−36864, µ3σ + 96µ3 − µ2σ − 96µ2 − 165µ σ − 15840µ− 291 σ − 9504,
−3µ3σ − 288µ3 + 3µ2σ + 1440µ2 + 447µ σ + 36000µ+ 441 σ − 2592]
α9 =
[
36864, µ3σ − 96µ3 − µ2σ + 96µ2 − 165µ σ + 15840µ− 291 σ + 9504,
−3µ3σ + 288µ3 + 3µ2σ − 1440µ2 + 447µ σ − 36000µ+ 441 σ + 2592]
α10 =
[
36864, µ3σ − 96µ3 − µ2σ + 96µ2 − 165µ σ + 15840µ− 291 σ + 9504,
−288µ3 + 1440µ2 + 48µ σ + 36000µ− 144 σ − 57888]
α11 =
[−36864, µ3σ + 96µ3 − µ2σ − 96µ2 − 165µ σ − 15840µ− 291 σ − 9504,
288µ3 − 1440µ2 + 48µ σ − 36000µ− 144 σ + 57888]
α12 =
[
36864, µ3σ − 96µ3 − µ2σ + 96µ2 − 165µ σ + 15840µ− 291 σ + 9504,
4µ3σ − 96µ3 + 864µ2 − 588µ σ + 15840µ− 1224 σ + 2592]
α13 =
[−36864, µ3σ + 96µ3 − µ2σ − 96µ2 − 165µ σ − 15840µ− 291 σ − 9504,
4µ3σ + 96µ3 − 864µ2 − 588µ σ − 15840µ− 1224 σ − 2592]
α14 =
[−36864, µ3σ + 96µ3 − µ2σ − 96µ2 − 165µ σ − 15840µ− 291 σ − 9504,
−µ3σ + 192µ3 − 3µ2σ + 576µ2 + 93µ σ − 31680µ+ 351 σ − 136512]
α15 =
[
36864, µ3σ − 96µ3 − µ2σ + 96µ2 − 165µ σ + 15840µ− 291 σ + 9504,
−µ3σ − 192µ3 − 3µ2σ − 576µ2 + 93µ σ + 31680µ+ 351 σ + 136512]
α16 =
[
768, 2µ3 − 2µ2 − 330µ+ 4 σ − 582, 8µ3 − µ σ − 1080µ− 9 σ − 2736]
α17 =
[
768, 2µ3 − 2µ2 − 330µ− 4 σ − 582, 8µ3 + µ σ − 1080µ+ 9 σ − 2736]
α18 = [−18432, −18432,
µ3σ − 144µ3 + 3µ2σ + 144µ2 − 141µ σ + 23760µ− 495 σ + 41904]
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α19 = [18432, 18432,
µ3σ + 144µ3 + 3µ2σ − 144µ2 − 141µ σ − 23760µ− 495 σ − 41904]
α20 =
[−12288, −32µ3 + 32µ2 + 5280µ+ 64 σ + 9312,
µ3σ + 128µ3 − µ2σ − 149µ σ − 17280µ− 339 σ − 25344]
α21 =
[
12288, 32µ3 − 32µ2 − 5280µ+ 64 σ − 9312,
µ3σ − 128µ3 − µ2σ − 149µ σ + 17280µ− 339 σ + 25344]
α22 =
[−18432, −48µ3 + 48µ2 + 7920µ− 96 σ + 13968,
µ3σ − 240µ3 − 3µ2σ + 432µ2 − 129µ σ + 33840µ− 189 σ + 11664]
α23 =
[
18432, 48µ3 − 48µ2 − 7920µ− 96 σ − 13968,
µ3σ + 240µ3 − 3µ2σ − 432µ2 − 129µ σ − 33840µ− 189 σ − 11664]
α24 =
[−18432, −48µ3 + 48µ2 + 7920µ+ 96 σ + 13968,
µ3σ + 96µ3 − 3µ2σ − 288µ2 − 129µ σ − 10080µ+ 99 σ − 25056]
α25 =
[
18432, 48µ3 − 48µ2 − 7920µ+ 96 σ − 13968,
µ3σ − 96µ3 − 3µ2σ + 288µ2 − 129µ σ + 10080µ+ 99 σ + 25056]
α26 =
[−9216, µ2σ + 96µ2 + 6µ σ − 576µ+ 21 σ + 864,
24µ3 + 72µ2 + 12µ σ − 3384µ− 36 σ − 4968]
α27 =
[−9216, −µ2σ + 96µ2 − 6µ σ − 576µ− 21 σ + 864,
24µ3 + 72µ2 − 12µ σ − 3384µ+ 36 σ − 4968]
α28 =
[−96, µ3 − 3µ2 − 153µ− 21, −µ3 + 3µ2 + 153µ+ 117]
α29 =
[−192, µ3 + 3µ2 − 189µ− 447, −µ3 − 3µ2 + 189µ+ 639]
α30 =
[
36864, 2µ3σ − 96µ3 + 2µ2σ + 480µ2 − 306µ σ + 13536µ− 1074 σ − 42336,
3µ3σ + 96µ3 − 3µ2σ + 288µ2 − 447µ σ − 13536µ− 441 σ − 75168]
α31 =
[−36864, 2µ3σ + 96µ3 + 2µ2σ − 480µ2 − 306µ σ − 13536µ− 1074 σ + 42336,
3µ3σ − 96µ3 − 3µ2σ − 288µ2 − 447µ σ + 13536µ− 441 σ + 75168]
α32 =
[
36864, 3µ3σ − 192µ3 − 3µ2σ − 192µ2 − 447µ σ + 29376µ− 633 σ + 103104,
−µ3σ + 192µ3 − 3µ2σ − 576µ2 + 141µ σ − 29376µ+ 783 σ + 32832]
α33 =
[−36864, 3µ3σ + 192µ3 − 3µ2σ + 192µ2 − 447µ σ − 29376µ− 633 σ − 103104,
−µ3σ − 192µ3 − 3µ2σ + 576µ2 + 141µ σ + 29376µ+ 783 σ − 32832]
α34 =
[
36864, 384µ2 − 48µ σ + 2304µ− 48 σ + 8064,
µ3σ + 96µ3 + 3µ2σ + 288µ2 − 141µ σ − 18144µ− 207 σ − 6048]
α35 =
[−36864, −384µ2 − 48µ σ − 2304µ− 48 σ − 8064,
µ3σ − 96µ3 + 3µ2σ − 288µ2 − 141µ σ + 18144µ− 207 σ + 6048]
α36 = [−4, µ+ 1, −µ+ 3]
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α37 =
[
64, µ3 − µ2 − 149µ− 211,−µ3 + µ2 + 149µ+ 147]
α38 =
[−18432, µ3σ + 48µ3 − 3µ2σ − 48µ2 − 153µ σ − 5616µ− 21 σ + 6768,
96µ3 − 288µ2 + 24µ σ − 12384µ+ 216 σ + 9504]
α39 =
[
18432, µ3σ − 48µ3 − 3µ2σ + 48µ2 − 153µ σ + 5616µ− 21 σ − 6768,
−96µ3 + 288µ2 + 24µ σ + 12384µ+ 216 σ − 9504]
α40 =
[−36864, µ3σ − 192µ3 + 3µ2σ + 192µ2 − 189µ σ + 27072µ− 447 σ + 69696,
−3µ3σ − 192µ3 + 3µ2σ + 576µ2 + 447µ σ + 24768µ+ 1017 σ + 36288]
α41 =
[
36864, µ3σ + 192µ3 + 3µ2σ − 192µ2 − 189µ σ − 27072µ− 447 σ − 69696,
−3µ3σ + 192µ3 + 3µ2σ − 576µ2 + 447µ σ − 24768µ+ 1017 σ − 36288]
α42 =
[−36864, µ3σ − 288µ3 − µ2σ + 672µ2 − 117µ σ + 40608µ+ 141 σ − 9504,
−2µ3σ + 6µ2σ + 306µ σ − 4608µ+ 234 σ − 41472]
α43 =
[
36864, µ3σ + 288µ3 − µ2σ − 672µ2 − 117µ σ − 40608µ+ 141 σ + 9504,
−2µ3σ + 6µ2σ + 306µ σ + 4608µ+ 234 σ + 41472]
α44 =
[
36864, 2µ3σ − 96µ3 − 2µ2σ + 480µ2 − 282µ σ + 8928µ− 726 σ + 26784,
µ3σ − 288µ3 + 3µ2σ + 288µ2 − 189µ σ + 42912µ− 639 σ + 97632]
α45 =
[−36864, 2µ3σ + 96µ3 − 2µ2σ − 480µ2 − 282µ σ − 8928µ− 726 σ − 26784,
µ3σ + 288µ3 + 3µ2σ − 288µ2 − 189µ σ − 42912µ− 639 σ − 97632]
where µ is a root of µ4−150µ2−360µ+45 = 0, and σ =
√
−48µ3 + 48µ2 + 7920µ− 13680.
9.18 The G(3, 1, 2) case
We have 2 mirrors defining reflections of order 3:
α1 = [1, 0] , α2 = [0, 1] ,
and 3 mirrors defining reflections of order 2:
α3 = [1,−1] , α4 =
[
1,
1
2
i
√
3 +
1
2
]
, α5 =
[
1,−1
2
i
√
3 +
1
2
]
.
9.19 The G(3, 1, 3) case
We have 3 mirrors defining reflections of order 3:
α1 = [1, 0, 0] , α2 = [0, 1, 0] , α3 = [0, 0, 1] .
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and 9 mirrors defining reflections of order 2:
α4 = [1,−1, 0] , α5 = [1, 0,−1] , α6 = [0, 1,−1]
α7 =
[
1,
1
2
i
√
3 +
1
2
, 0
]
, α8 =
[
1, 0,
1
2
i
√
3 +
1
2
]
, α9 =
[
0, 1,
1
2
i
√
3 +
1
2
]
α10 =
[
1,−1
2
i
√
3 +
1
2
, 0
]
, α11 =
[
1, 0,−1
2
i
√
3 +
1
2
]
, α12 =
[
0, 1,−1
2
i
√
3 +
1
2
]
9.20 The case of I2(6)
We have 6 mirrors defining reflections of order 2:
α1 = [1, 0] , α2 = [0, 1] , α3 =
[
1,
1√
3
]
α4 =
[
1,−
√
3
]
, α5 =
[
1,− 1√
3
]
, α6 =
[
1,
√
3
]
9.21 The case of I2(8)
We have 8 mirrors defining reflections of order 2:
α1 = [1, 0] , α2 = [0, 1] , α3 = [1,−1] α4 = [1, 1]
α5 =
[
1,−
√
2− 1
]
, α6 =
[
1,
√
2− 1
]
, α7 =
[
1,−
√
2 + 1
]
, α8 =
[
1,
√
2 + 1
]
9.22 The case of I2(10)
We have 10 mirrors defining reflections of order 2:
α1 = [1, 0] , α2 = [0, 1] ,
α3 =
[
1,
1
2
√
5− 2
√
5(−4 − 2
√
5)
]
, α4 =
[
1,−
√
5− 2
√
5
]
,
α5 =
[
1,
√
5− 2
√
5
]
, α6 = −
[
1,
1
2
√
5− 2
√
5(−4− 2
√
5)
]
,
α7 =
[
1,−1
5
√
5− 2
√
5(−5− 2
√
5)
]
, α8 =
[
1,
1
5
√
5− 2
√
5
√
5
]
,
α9 =
[
1,
1
5
√
5− 2
√
5(−5 − 2
√
5)
]
, α10 =
[
1,−1
5
√
5− 2
√
5
√
5
]
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9.23 The case of B2
We have 4 mirrors defining reflections of order 2:
α1 = [1, 0] , α2 = [0, 1] , α3 = [1,−1] α4 = [1, 1]
9.24 The case of B3
We have 9 mirrors defining reflections of order 2:
α1 = [1, 0, 0] , α2 = [0, 1, 0] , α3 = [0, 0, 1]
α4 = [1, 0,−1] , α6 = [0, 1,−1] , α7 = [1,−1, 0]
α7 = [1, 1, 0] , α8 = [1, 0, 1] , α9 = [0, 1, 1] .
10 Appendix 2. Saito coordinates in the cases of the
groups G29, G32, G33
For higher rank complex reflection groups the computations become cumbersome.
In the case of G29, G32, G33 not all conditions have been checked. However, impos-
ing the flatness conditions at some special points, it is sufficient to fix uniquely the
parameters in the choice of the basic invariants. For this reason we conjecture that
the basic invariants obtained in this way coincide with the generalized Saito flat
coordinates of a bi-flat structure. We expect also that the vector potentials of the
natural product of this structure coincide with the vector potentials obtained in
[20] with a different approach.
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10.1 The case of G32
Basic invariants are (see [32])
u1 = F12
u2 = −54p184 + (17)(54)C6p124 + (54)(1870)C9p94 +
1
2
(17)(27)(19C26 − 15C12)p64 +
(54)(170)C6C9p
3
4 + C
3
6 − 30C6C12 − 25C18 = F18
u3 = 1728C6p
18
4 − (36)(1728)C9p154 + (15)(144)(7C12 + C26 )p124 − (10)(1728)C6C9p94 +
(36)(178C18 − 135C6C12 + 5C36 )p64 + 432(41C12 − C26 )C9p34 + C46 + 6C26C12
−16C6C18 + 9C212 = F24
u4 = F30 = −2(64)C6p244 + 312(64)C9p214 + 216(715C12 − 127C26)p184 + 272(64)C6C9p154
+18(1306C18 + 6045C6C12 − 295C36)p124 + 216(73C26 − 5473C12)C9p94 +
3
2
(16648C6C18 + 2334C
2
6C12 − 20709C212 − C46)p64 − 36(1370C18 − 657C6C12 +
7C36)C9p
3
4 + C
5
6 − 19C36C12 + 29C26C18 − 6C6C212 − 5C12C18,
with
C6 = p
6
1 − 10p31p32 − 10p31p33 + p62 − 10p32p33 + p63
C9 = (p
3
1 − p32)(p32 − p33)(−p31 + p33)
C12 = (p
3
1 + p
3
2 + p
3
3)((p
3
1 + p
3
2 + p
3
3)
3 + 216p31p
3
2p
3
3)
C18 = (p
3
1 + p
3
2 + p
3
3)
6 − 540p31p32p33(p31 + p32 + p33)3 − 5832p61p62p63
We conjecture that Saito flat coordinates are
u1 = F12, u2 = F18, u3 = F24 + c1F
2
12, u4 = F30 + c2F12F18.
with
c1 = −21
25
, c2 = −11
25
.
Up to an inessential constant factor they coincidewith the choice of basic invariants
of Orlik and Terao.
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10.2 The case of G33
The basic invariants are (see [6] with corrections of [34])
U1 = p
4
1 − 8a1p1 + 48p2p3p4p5
U2 = p
6
1 + (−20p32 − 20p33 − 20p34 − 20p35)p31 + 360p21p2p3p4p5 − 8p62 + 80p32p33 + 80p32p34
+80p32p
3
5 − 8p63 + 80p33p34 + 80p33p35 − 8p64 + 80p34p35 − 8p65
U3 =
1
63700992
det(H(u1))
U4 = 5a2p
6
1 + (99a3 + a1a2)p
3
1 + 216a4 − 36a1a3 + 24a22 − 4a21a2 +
p2p3p4p5(3p
8
1 + 33a1p
5
1 + (18a2 + 30a
2
1)p
2
1) + (p2p3p4p5)
2(243p41 + 108a1p1)
U5 = 4a3p
9
1 + (54a4 + 12a1a3 − a22)p61 + (162a1a4 − 18a2a3 + 12a21a3 − 2a1a22)p31 +
27a23 − 18a1a2a3 + 4a31a3 + 4a32 − a21a22 +
p2p3p4p5(6a2p
8
1 + p
5
1(54a3 + 12a1a2) + p
2
1(243a4 + 54a1a3 − 36a22 + 6a21a2))
+(p2p3p4p5)
2(3p101 + 18a1p
7
1 + p
4
1(54a2 + 27a
2
1) + p1(162a3 − 54a1a2 + 12a31)).
with
a1 = −p32 − p33 − p34 − p35
a2 = p
3
2p
3
3 + p
3
2p
3
4 + p
3
2p
3
5 + p
3
3p
3
4 + p
3
3p
3
5 + p
3
4p
3
5
a3 = −p32p33p34 − p32p33p35 − p32p34p35 − p33p34p35
a4 = p
3
2p
3
3p
3
4p
3
5
We conjecture that Saito flat coordinates are
u1 = U1, u2 = U2, u3 = U3 + c1U1U2, u4 = U4 + c2U
3
1 + c3U
2
2 ,
u5 = U5 + c4U
3
1U2 + c5U
2
1U3 + c6U
3
2 + c7U2U4.
with
c1 = − 1
768
, c2 = − 5
3072
, c3 = − 5
2304
, c4 =
11
884736
, c5 = − 1
128
,
c6 =
11
1990656
, c7 = − 1
288
.
11 Appendix 3. The non-well generated cases
The procedure we have introduced works only partially for non-well generated
complex reflection groups in the sense that it allows us to reconstruct flat connec-
tions, but it fails to provide a compatible product ◦. Let us present what happens
if one tries to implement the algorithm in the case of G7, a non-well generated
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complex reflection group of rank 2, whose ring of invariants is generated by the
following polynomials (see [25]):
u1 = (p
4
1 + (2i)
√
3p21p
2
2 + p
4
2)
3, u2 = (p
5
1p2 − p1p52)2.
Since u1 and u2 have the same degree, the connection ∇(1) is uniquely determined.
It turns out that it is almost hydrodynamically equivalent to the dual connection.
Unfortunately, defining the unit of the product as a flat vector field and defining
the product ◦ in the standard way, we obtain that the compatibility is no longer
satisfied. Similar results hold true in the case of the groups G11, G12, G13, G19 and
G22. In the case of G15, there is one parameter in the basic invariants. It turns
out that the connection ∇(1) is almost hydrodynamically equivalent to the dual
connection for each value of this parameter and that the compatibility with the
product ◦ is never satisfied. To conclude let us consider the case of G31. The basic
invariants are
u1 = U1, u2 = U2, u3 = U3 + c1U1U2, u4 = U4 + c2U
3
1 + c3U
2
2 ,
where U2 and U3 coincide respectively with U3 = F12 and U4 = F20 of G29 and
U1 = p
8
1 + 14p
4
1p
4
2 + 14p
4
1p
4
3 + 14p
4
1p
4
4 + 168p
2
1p
2
2p
2
3p
2
4 + p
8
2 + 14p
4
2p
4
3.
+14p42p
4
4 + p
8
3 + 14p
4
3p
4
4 + p
8
4
U4 =
1
265531392
det(H(U1)).
The values of these parameters are fixed using the same procedure applied to G29,
G32 and G33. They are
c1 = −3
5
, c2 = − 1
6480
, c3 = − 1
4860
.
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